GENERAL PROJECTIVE THEORY OF SPACE CURVES* 


E. J. WILCZYNSKI + 


The theory of the invariants of a linear differential equation is not new. 
LAGUERRE, Brioscu!, HALPHEN, Forsyru, Fano and others have 
written important papers on the subject. But in alimost all of these papers the 
point of view is essentially analytical. It is only in the brilliant contributions 
of HALPHeEN that one finds the idea of founding a geometry of curves upon this 
theory. But even HaLpHen’s papers do not give the ground work for a 
thorough comprehension of the subject. This is to be found in the geometric 
interpretation of the semi-covariants which we shall diseuss in this paper. With 
this as a basis, the whole theory becomes clear and transparent, and HALPHEN’s 
results can easily be connected with it. 

I have myself shown in recent years, how the general projective theory of 
ruled surfaces depends upon the theory of the invariants and covariants of a 
system of two linear differential equations of the second order. The present 
paper is governed by similar ideas, and to some extent depends upon this other 
theory. It is the main purpose of this paper to bring up the general projective 
theory of curves, based upon the theory of invariants, to the same level of per- 
fection as the corresponding theory of ruled surfaces. Some of the theorems 
which we shall find, have of course been known for a long time. But even for 


most of these our proofs will be new. 


$1. The invariants and covariants. 
We shall confine our attention to the linear differential equation of the fourth 
order 
(1) y+ + + + = 9, 


where 


dy , ay 


ete. 


If we make the transformations 


£ £(2), 
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where A and yu are arbitrary functions, we obtain another equation of the same 
form as (1). The functions of the coefficients of (1), which remain invariant 
under these transformations, are the invariants. If they involve also the func- 
tions y, y', they are called covariants. 

To determine these invariant functions, it is best according to Lir’s theory 
to make use of infinitesimal transformations. But this has been done in a num- 
ber of papers by other authors and need not therefore be repeated. We shall, 
however, need the finite transformations for the later parts of this paper, and 
shall, therefore, write them down. 

Consider first the simpler transformation 


Y= 


of the dependent variable alone. We shall speak of the corresponding invariant 


functions as seminvariants and semi-covariants. Let 
42,7? + 67,7 + 47,7 + 7,7 =9 


be the transformed equation. Then 


+p,» 
x 
+ + pr 
xr 
(2) 
+ +. 3p,r + 
T= = ‘ 


r 


whence one may deduce the absolute seminvariants 


(3) P,=p,—P\ — + 2p} 
P,= Ps — 8p; + p, — — 
and the relative semi-covariants, besides y which is obviously itself a semi- 


covariant, 
+ 


(4) +2py + Prys 
+ 3py + + 


The absolute semi-covariants are z/y, p/y,o/y. All other semi-covariants and 
seminvariants are functions of these and of the derivatives of P,, P,, P,. 


Pi 
1 
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From (4) we deduce the following equations, which we shall use later : 


y =—pyt?, 
2 
(9) 
p 


and also 
(2p — — 2pe t+ Ps 
(— ps + 6p, — Spi )y + (— 3p, + — 8p,p + 
(— p, + 8p, p, — p, + Gp; + 24pi)y 
+ (— 4p, + 24p, p, — 24p})2 + (— 6p, + 12p{)p — 4p,¢. 
We now proceed to make a transformation of the independent variable 


=&(a2). We find, denoting the coefficients of the transformed equation by > 
5 q y 1 


1 3 
(Pp, + 37 )> 


1 
(7) 
P3= + + + 30°) p, + + + 3n°)], 


1 


where we have put 


(8) — 37’. 
We find further 


(z+ 3ny), 


1 ° 
(9) P= cep let 2m + + 


1 , 
3np + (m+ 3n?)z+4(m' + 4+ 38n*)y], 


cogredient with (7). 
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Making use of these equations, we find 


1 
(é 2 


1 
3 LPs — — 4h + 


1 
( [ 6nP, 4n’ P, + 117? P, 4 Lint 


~ +4124"), 


whence 


1 
P= — 2nP,— +34], 


1 


—3n(P) + P,) — + — 
+ 2 — + 
We find therefore the following invariants and covariants : 
6, = P,— 6=P,—2P,+ 


60,0; — 
102? — liyp — 12P,7/’, 
102° — 30,2 —9(50 + 6P,24+ Pyy)y’, 
= 20, 2+ Oy, 
where the index indicates the weight. In denoting one invariant of weight 8 
by @, _, we follow a notation due to Forsytn. An invariant may be regarded 


as a covariant of degree zero. With this understanding, it suffices to say that 


the effect of the complete transformation 
E= &(xr), 
upon a covariant of degree d and of weight 7, is to transform it into C’, where 
Lir’s theory shows that all other invariants and covariants may be deduced 


from these by algebraic and differentiation processes. 
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§ 2. Canonical forms. 


Equations (2) show that if we make the transformation 
— 
y=e 


the coefficients of the resulting equation for 7 will be 


w, = 0, w,= P,, =P, 


3 3 
We shall say that the equation has been put into the semi-canonical form. 
From (10) we see that if (a) be chosen so that 


(13) n —37 


in the resulting equation FP. will be zero. Since P, is aseminvariant, any trans- 
formation of the form 7 = Ay will not disturb the equation P?, = 0, and we may 
again choose X so as to make the coefficient of d*7/d& vanish. It is therefore 
always possible to reduce the equation to the form 


dy . dy. 
dé! 


which we shall call the Lacuerre-ForsytH canonical form. This is equiva- 
lent to assuming p, = p, = 9 in the original equation. 

If 0, + 0, we may transform the independent variable so as to make 6, =1. 
In fact we have for an arbitrary transformation 


1 

If, therefore, we put 

(14) fi 


#, will be equal to unity. We may again by a transformation of the form 
/ = dy make p, vanish. The canonical form whick is characterized by the con- 
ditions 


we may properly denote as the HALPHEN canonical form. 
In our geometrical discussions only the quantity 


7) = 9 
not & itself will be of any importance. A also is an unimportant factor which 
has no geometrical significance. Equation (13) shows, therefore, that the redue- 
to the LaGuERRE-Forsytu form can always be accomplished in oo! essentially 
different ways. It is important to remark that (13) is an equation of the Ric- 


CATI form, so that the cross-ratio of any four solutions is constant. 


= 0 = 1 
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The HALprHen form on the other hand can be obtained in just one way, if it 
exists at all, i.e., if 0, + 0. If vanishes, 0, may be reduced to unity unless 
it also is equal to zero. The case when both @, and @, vanish, is especially 
simple. The LaGuERRE-ForsyTH form reduces to 


d‘y 
dé 


If two equations of the form (1) can be transformed into each other by a 


= Q. 


transformation of the kind here considered, we shall call them equivalent. 
Clearly, for equivalent equations, the corresponding absolute invariants are 
equal. 

If equation (1) is given, the invariants @,, @,, 4, ,, ete., are known functions 
of x. Conversely, equations (12) show that if @,, 6,, 0, , are given as arbitrary 
functions of x, provided that 0,+ 0, P,, P, and P, are determined uniquely. 
If 6,=0, then 6, ,=0 also, and we must assign a further condition. The 
function 


2 #2 
3 


is also an invariant. If 0,=0, and @,, 0, , are given, P,, P,, P, are deter- 
mined uniquely. If both @, and @, vanish, all invariants are zero, and the equa- 
tion may be reduced to the form 

1) 


de = 9° 


As we may always assume that p, = 0, we see that the differential equation (1) 
is essentially determined when its invariants are given as functions of x. 
The LAGRANGE adjoint of (1) is 


uw) — 4p u® + 6(p, — 2p) )u” — 4(p, — 8p, + 
(16) 


(P, 4p, 6p; ju =Q. 


If y,, --+, y, constitute a fundamental system of (1), the minors of #,, ---, 2, in 
the determinant 


multiplied by a common factor, which does not interest us, form a fundamental 
system of (16). 


wv, vs 
Yo Ys Ys 
Yo Ys 
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If we denote the seminvariants of (16) by II,, I1,, Il,, we have 


(17) =P, 


whence follows reciprocally 
P, = P,=—I11,+ P,=l,—4l,+ 


The invariants of (16) differ from the invariants of (1) only in this that the 
sign of @, is changed. 
$3. Geometrical interpretation, 


If the functions y,, ---, y, constitute a fundamental system of (1) we may 
interpret them as the homogeneous codrdinates of a point P of a curve C) in 
ordinary space. The coefficients p,, p,, p,, p, of (1) are invariants of the gene- | 
ral projective group. The transformation y = 7 does not change the ratios i 
Y, 2 and therefore leaves the curve invariant. The transformation 
& = (x) merely changes the parameter in terms of which the coordinates are 
expressed. It is clear therefore that any system of equations invariant under 
these transformations expresses a projective property of the curve C, in the 
vicinity of the point P. 

The LAGRANGE adjoint of (1) may be taken to represent the same curve in 
tangential codrdinates, or else a reciprocal curve in point coordinates. 

We may therefore state the results of § 2 as follows: Jf the invariants of 
a curve are given as functions of x, the curve is determined except for projec- 
tive transformations. If the invariants of two curves, except those of weight 
three, are respectively equal to each other, while the invariants of weight three 
differ only in sign, the two curves are dualistic to each other. Those curves / 
are self-dual for which 0,=9. 

Moreover these latter curves are the only curves which are self-dual in the 
restricted sense that a dualistic transformation exists which converts every point 
of the curve into the tangent plane of that point, and vice versa, while every 
tangent is converted into itself. 

If we put y = y,(k = 1, 2, 3, 4) into the expressions for z, p, o we obtain 
three other points 7”., Fon P,,, which describe curves C’_ as varies, 


eurves which are closely connected with C|. P_ is clearly a point on the tan- 
gent of constructed at is in the plane osculating at P,, while 
P, is outside of this plane. These four points are never coplanar except at 
those exceptional points of C!, whose osculating planes are stationary, i. e., have 
more than three consecutive points in common with the curve. 

In order to study the curve C’ in the vicinity of P , it will therefore be con- 
venient to introduce the tetrahedron P, as tetrahedron of reference, 


with the further convention that if any expressions of the form 


U, = + 2,2, + 2,0 (k= 8, 23,4) 
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offer themselves the cbordinates of the corresponding point 7, shall be 
(@,, %,, %,). 
In writing w, the index / may be suppressed, so that a single expression 
ZY+4,2+4,p+ ao 


represents the point (2,, %,, %,, %,) in this special system of coordinates. 

As the independent variable « is changed, the tetrahedron of reference is 
changed in accordance with equations (9). og of course remains the same; 
P_is changed into P:, which may obviously be any point on the tangent: ete. 
Thus while an arbitrary transformation of the parameter a does not affect the 
curve C’ itself, it does very materially affect the semi-covariant curves C_, C, 
and C,. It is clear however that two transformations £& = £(.«), for which 
n = &'/& has the same value, are geometrically equivalent. We may also, 
without affecting the position of the points 7?., /’,, ,, assume that (1) is writ- 
ten in the semi-canonical form, so that p, =. For, in order to put (1) into the 
semi-canonical form, we need only multiply y by a certain factors X, which will 
then also appear multiplied into the semi-covariants z, p and o. 

Let us then assume p,=9%. We shall havez=y’. If we differentiate (1) 
and eliminate 7 between the resulting equation and (1), we shall find 


(P,+38P3)2° —(P,+ 6P,P))x + 6P,(P,+ 
(18) + [(6P)+4P,)(P,4+ 
+ [(4P)4+ P,+3P?)(P,+ 3P})—4P,(P,+ 6P,P))]2=9, 
if P,+3P2+0. If P,+3P?=0 we find 
(19) 


Equation (18) determines the curve C, in the same way as (1) determines 
C. But if = 0, satisfies (19) showing that the curve C, is in 


this case a plane curve. Therefore, if the variable E be so chosen as to make 


P,+3P; = 0, the corresponding curve C’; is a plane section of the developable 
surface whose cuspidal edge is C_. In harmony with this, equations (10) show 
that the most general value of », which satisfies the condition ?,+ = 0, 
contains three arbitrary constants, as it should since there are 2° planes in space. 

We shall need to consider the ruled surfaces generated by those edges of our 
tetrahedron which meet in ?. Of these we know one immediately, namely 
the developable which has C) as its edge of regression, and of which 2? 7? is a 
generator. The ruled surface generated by 7? P?, clearly has C) as an asymp- 


totic curve; for, the plane PP, P_ is both osculating plane of C, at P,, and 


f 
€ 
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tangent plane of the surface at 7. If we assume p, = 0, this ruled surface 
may be studied by means of the equations 


y+ P,y—p=9, 
(20) 
p’ +(4P, —2P)y'+(P,— + 5Pp=0, 


in accordance with the general theory of ruled surfaces as developed in former 
papers of the author. To prove (20) we need only differentiate twice the expres- 
sion for p, express 7/* and 7" in terms of y, z, p, ¢, and eliminate z and c. 
] y 7] 

The ruled surface generated by P,P, is especially important. We have, 
21) y+ ++ 3p,y + 
whence 

a =o + + (8p, + 8p,)y" + (8p, + Ps)y + PLYs 

(22) + + 3(2p, + p,)y® 


+ (3p; + Op, + p,)y + (8p, + 2py)y’ + psy- 
From (21) we find 


=o — 3p,y" — — Psy, 
(23) —3p,0—3(p, + p,— 8pi)y" 
— (8p; + Ps — — (Ps — Ps)¥- 
If we substitute these values in (1) we obtain the equation 


(24) 3(P2— Pi + 3(P3— — Pi 
Psy 
where the coefficient of y” is 37,. 
Let us differentiate both members of this equation, and eliminate y” and 73 
by means of (23) and (24). We shall find 


3.P = (937; + BP + | 3P — 


(25) 
+ + ¥ + ( 3P 4, — 
where 
 =2p,—8p,4+ —3P, + 8p, P,, 
= — 2p, + 8p, + 3p, — OP, P, — Py + + — 
(20) — (Pi Ps — — + — — 
= 


—(P,—P; —PiPs)- 


4 
— 
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Equations (24) and (25) define the ruled surface generated by P,P,. If 
we assume p, = 0, we find 
Yo +Puy + tT =9, 
27) 
where 
1 _P,+8P—P, 


’ = 3P ’ 9, 


1 7 
[—8P?+38P,P. + 2P,P.—38P,P. + P,P,—6P*}, 


1 
In = P, [- P,P, — 6P; P, + P,?; > —P,P;], 


In =3P,. 


If (1) is written in the Lacuerre-Forsytu form, P,=0. In that case 
the two equations (27) reduce to the single equation 


(29) Pyy +4(P,-Pi)y=9, 


which proves that in this case the surface generated by P,P, is developable. 
For in this case the tangents constructed respectively to C, at P, and to C, at 
P, are coplanar. Moreover, only if ?,=0 will the surface generated by 
PP, be a developable. 

Let 


T=Ay+ po 


represent the point at which P,P, intersects the edge of regression of the 
developable. Then, since P, ?, must be tangent to the edge of regression, we 
shall have rt’ = ay + Bo, or 


(A’—a)y+(w —B)o+ry =0. 
But according to (29) 
so that 
('—a)yt+ —B)ot+ry 8P,y'] =9, 


where for y’ we could also write z. Such a relation between P,, P_, P, would, 
however, make these -hree points collinear, and, therefore, ae ws P, co- 
planar, unless all of the coefficients are zero. We have seen, however, that this 


— 
(28) P, 
P? 
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ean happen only for such points ?, at which the osculating plane is stationary. 
We must have, therefore, 


’—a—p(P,—Pi)=0, pw’ —B=0, r—8yP,=0, 


whence 
A= 3uP,, 


We see, therefore, that 
(30) T= 38Pyt+o 


represents the edge of regression of the developable to which the ruled surface 
generated by P,P, reduces when P,= 9. 

If p,=0 and P, = 0, equations (2) and (10) show that the most general 
transformations of the variables, which do not disturb these conditions, satisfy 
the equations 


which give on integration 
C Be 
= 
)?? “i+ cx 


If we transform 7 under this assumption, we find that it is converted into 


r 


| 1 | 


where 7 may have any numerical value. 

Let us recapitulate. The ruled surfaces generated by P, Pz are infinite in 
number. Their general expression involves an arbitrary function n. Among 
these surfaces there exists a single infinity of developables. IPf P,=9, the 
surface generated by P,P, is one of these, and the locus of P, is its edge of 
regression, where 


(30) T=3P.y+0, 


P, being the point where P,P, intersects the edge of regression. IPf we con- 
struct all the o' lines P,P; through P|, which are generators of the above 
mentioned family of developables, and mark upon each of them the point P-; 
where it intersects the cuspidal edge of the developable to which it belongs, the 
locus of these points is a twisted cubic curve. The equations of this curve 
referred to a parameter n and to the fundamental tetrahedron P,P. P,P, are 


(31) = 38P,+ = 375 =1. 


3 4 


We shall see later that this cubic has five consecutive points in common with 


the curve C, at | i. e., that it has at this point with C, a contact of the fourth 
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order. We shall speak of it as the torsal cubic of P,, on account of its con- 
nection with the developables which we have just been considering. 

Equations (31) give the parametric equations of the torsal cubie referred to 
a special tetrahedron of reference for which P,= 0. We shall need its equa- 
tions in a more general form. These may be easily obtained. Consider the 


expression 
(32) A= (30,+ + (SP, + 


in which ¢ may for the moment be regarded as a parameter independent of 2. 
Denote by X the corresponding expression formed from the quantities P.., P,, 
ete., 7, 2, p, & after the general transformation £& = (2). We shall find that 
(&’)*X is equal to after ¢ has been replaced by ¢&’+=¢,. But of course 
this transformation may be chosen so as to make PF. = 0, which would make X 
identical with 7 except for the notation. 

We see, therefore, that the expression X, or the equations 


= 30,+ Pin t+ $n’, 
(33) 
v,= $P, + 3, v,=1, 


represent the torsal cubic referred to the fundamental tetrahedron P,P. P,P, 
when this is chosen in as general a way as is compatible with its definition. 

If in (32) ¢ is chosen as a function of x, as x varies we obtain a curve on the 
surface formed by the totality of torsal eubies. If in particular ¢ satisfies as 
function of x the differential equation 


we obtain the cuspidal edge of one of the developables. 


$4. The osculating cubic, conic and linear complex. 


A space cubic is determined by six of its points provided that no four of these 
points are coplanar. If, therefore, we take upon # besides f, , five other points, 
we shall in general obtain a perfectly definite space cubic determined by these six 
points. As these points approach coincidence with P, this cubie will in gen- 
eral approach a limit, which shall be called the osculating cubic. We proceed 
to find its equations. 

Let P correspond to the value of # = a, which we shall suppose is an ordi- 
nary point for our differential equation. Then y may be developed by Taylor’s 
theorem into a series proceeding according to powers of «—a. By putting 
« — «a= 2 the development will be in powers of «’. We may therefore assume 
in the first place thata = 0. Let us assume, further, that p,=90 and P,=0. 


Then we shall have from (5) and (6), 


| 
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y= 2 yup, 


(34) 
y = — sp. 

In accordance with the definition of our codrdinates, we denote the coefficients 
of y, z, p, in this expansion carried as far as by y,, We may 
of course multiply these quantities by a common factor since the coordinates are 
homogeneous. We shall multiply by 120 so as to clear of fractions. This 


gives 
1202 20 Px" — ( 4P, 
(35) 


We see at once that the following equations are exact up te terms no higher 
than the fifth order : 


(36) 3y,y,— 2y; = 9, 5(2y,y¥,- y3) -—6P,y,y, = 9. 


These equations must be satisfied by the coordinates of any point of the oscu- 
lating cubic, since this must have contact of the fifth order with C at , 
They are therefore its equations, referred to this special tetrahedron of refer- 


ence. In terms of a parameter t we may write 


(37) aw, =15412P,é, x, = 30, = 302, = 200. 


The equation 
32,2, — = 0 
is that of a cone whose vertex is J? and which contains the osculating cubic. 
It may also be obtained by determining that cone of the second order with its 
vertex at ? which has the closest possible contact with C’, viz. contact of the 
fifth order. We shall speak of it as the osculating cone. We notice at once 
that the torsal eubie also lies upon the osculating cone. This is shown by 
equations (31) which are referred to the same system of coordinates as that 
employed here. If we put 7 =1/¢ in (31) and if we multiply by 202, (31) 


becomes 
(8la) #,=15 + 60P,¢, x, = x, = 807, x, = 202, 
which differs from (37) only in having 57, in place of P,. 


By a method of reasoning precisely similar to that of the last paragraph, we 


find that the expression 


(88) (12P,—12P! + 24P,7 + 157") y + 20($P, + 37°)z + 8307p + 200 


‘ 
| 
| 
| 
+ 
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represents an arbitrary point of the osculating cubic when the tetrahedron of 
reference is not restricted to the condition P,=9. For this expression remains 
invariant under the general transformation = &(2), and reduces to (37) for 
P,= 90, if r=1/t. 

The equation of the plane, which osculates the osculating cubic at the point 
whose parameter is 7, turns out to be 

+ + + =, 
where 
u, = — 20, u, = 807, u, = 16P,— 307’, 
(39) 
u,=12P,—12P) —36P,7 + 157’. 
For every value of 7 this intersects the osculating plane, x, = 0, in a straight 
line 
— 20x, + 307rx, + (16P, — = 0. 

The envelope of these lines will be obtained by eliminating t between this equa- 
tion and that obtained from it by partial differentiation with respect to 7; the 
latter equation is 


30x, 607x, = 0. 

We thus find 
(40) — 40x, 2, + 15x; + = 0, 
the equation of the osculating conic, which may be defined as a part of the 
intersection of the developable of the osculating cubic with the osculating plane. 
The other part of this intersection is the tangent, which must be counted twice. 

It is not without interest to verify that (37) represents the osculating cubic 
by another method. We have from (35) as non-homogeneous coordinates of the 


points of C’ in the vicinity of P, 


tia (FP; 4P,): pening y, + ’ 
(41) 


From (37) we find for the points of the osculating cubic 


If we put 

t= ja[1 + 3 ( + ) + 
these two expansions coincide up to terms of the fifth order. For the torsal 
cubic we have according to (31a), 


2t—8P,t'--., 


= 
| 


= 


‘ 
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If we put into these equations 
t= ( 1 + ax + + co? + 


we find that these expansions will agree with (41) up to terms of the fourth 
order for 
a=0Q0, b5=0, c=!}P.. 


3 


but that it is impossible to make them agree with (41) any farther unless 
P,=9. In general, therefore, the torsal cubic has with C, a contact of the 
fourth order. Only if 0,= 90 may the order of contact be higher. In that 
case the torsal and osculating cubics coincide. 

We proceed to deduce the equation of the osculating linear complex, i. e., of 
that linear complex determined by five consecutive tangents of the curve. We 
assume again p,=0 and P,=0. Denote by VY and Z the expansions of y 
and z in the vicinity of P,. Then we have up to terms of the fourth order 


Z = y(— — — — — (APS + 
+ p(x—1P,2')+ x. 

If we denote the coefficients of y, z, p, o in these two expressions by y,, ---, ¥, 


and z,, ---, 2,, respectively, the Pliickerian line-coordi nates of the tangent will be 


whence 


Therefore, the equation of the osculating linear complex, referred to the special 
tetrahedron of reference, is 


We might have obtained this complex in another way. For, it is clear that the 
null-system of the osculating cubic will be the same as that determined by the 
osculating linear complex. We shall, instead, set up the null-system of the 
torsal cubic in its general form. We shall see that the linear complex deter- 
mined by the torsal cubic coincides with the osculating linear complex. 

We have the equations of the torsal cubic 


= 600, + 6P) + 24P. + 157’, 
x, = 24P, + 307’, x, = 30n, x, = 20. 


(43) 
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The codrdinates of the plane, which osculates the torsal cubie at the point whose 
parameter is 7, are 


= — 180, u, = 270n, u, = 1447, — 2707’, 
(44) 
= 54080, + 54 + 1357’. 
If we put in (43) »= ,(4 =1, 2,3) we obtain three points on the cubic. 

The covrdinates of their plane must be proportional to 

= — 180, v, = 90(m, + 7, + 
(45) v, = 144P, — 90( 9,9, + a7, + 9,92), 

= 5400, + 108 P, ( +73) + 135, 


for each of these expressions must be a symmetric function of 7,, 7,, 7, of order 
not higher than the third, and for », = 7, = »,= 7 we must have v, propor- 
tional to w,. Similarly, the point in which the three osculating planes at 


,+ intersect, must have its coordinates proportional to 
= 600,4+ 6P, + 8P,(n, + 7, + + 
(46) 24P,+ 10(,, + 0,7, + 7,72); 


ov, = 20. 


If we eliminate »,, 7,, 7, between (45) and (46) and change slightly the factor 


of proportionality, we find 
wr 
(470) 


or 


(47d) 


as the equations of the null-system defined by the térsal cubic. 
A point ¥,, ¥, lies in the plane corresponding to «,, if 
4 
U, = 0 
k=1 
Therefore, the lines which pass through the point 7,, #,, «,, 2, and lie in the 
plane corresponding to it in the null-system, satisfy the equation 


(48) o,,— 2P,0,,—o,,= 0. 


If the tetrahedron of reference be so chosen as to make ?, = 0, this equation 
is identical with (42). Therefore (48) represents the osculating linear complex 


= 
9p ' , 
‘ @ =+2P,r,4+7%,, Ov, = + Uy, 
@ —2Pv —r,, @ — 
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when the tetrahedron of reference is general. The osculating and torsal 
cubies are curves of this complex. 

If P, is finite the complex (48) is not special. We see therefore that only 
those values of x for which P, = c can give points of the curve at which five 
consecutive tangents have a straight line intersector. 

Let us proceed to deduce the equation of the osculating linear complex belong- 
ing toa point of C’ infinitesimally close to P,. If we change « by an infinitesi- 
mal amount 6x, we find for the codrdinates of the vertices of the new tetrahe- 
dron of reference 
y=yt y ox = ( 1 — p, be 202, 


z+ 2 — Pi — p, ox pow, 


p =prt p dx ts 2P, ox -2z + 1 — p, dx 
Therefore, if a point has the coordinates %,, ---, #, in the new system of codrdi- 
nates, and w,, ---, #, in the old, we shall have 
(1 — pdx) P, ( P,—P; ) — ( ) dar ‘Bas 


Therefore the infinitesimal changes in the codrdinates in the sense new minus 


old, will be 
+ Pix + ( P, = + ( = ox, 


[- + Py + 2P,x, 3 ( P; P; )a, 
(49) 

bx, = (— + p, + 8P,x,) dx, 

ox, =(— 2, + ox. 
Referred to the new tetrahedron of reference, the equation of the complex oseu- 
lating C’, at the point corresponding to « + dx will be 
(50) @,,—2P,0,,—0,,= 0, 
where 


if ¥, and y, denote the codrdinates of two points on a line of the complex 


referred to the new tetrahedron of reference. Making the calculations we find 
= + (2p, @,, @,.) Ox , 


= + [ 2p, @,, 3P,o,, 3 ( P; )@,, ] dx. 


| 
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If we substitute in (50), we find as the equation of the linear complex osculat- 
ing Cat a point infinitesimally close to ad 
(51) (o,— 2P,o,, — + 2p, dr) 40,0, dx = 0. 


This coincides with the linear complex osculating C, at , if, and only if, 0, = 0. 
Therefore, if the invariant @, vanishes identically, the tangents of the curve 


C’ belong to a linear complex. Tf it does not vanish identically, those values 


of x for which it does vanish correspond to points of the curve at which the 
osculating linear complex hyperosculates the curve. 

This result, which has been known a long time, is here derived in a novel 
manner, which has above all the advantages of clearness. It mav also be 
obtained by setting up the linear differential equation of the sixth order satis- 


tied by the six line covrdinates 


= Y, — y 9 


of the tangent, and noting that this reduces to the fifth order if, and only if, 
This is the method of HaLpnen. 

A former result may now be stated as follows: The osculating and torsal 
cubies of all points of a curve coincide, if, and only if, the curve belongs to a 


linear comple 


$ 5. Geometrical definition of the fundamental tetruhedron of reference. 


We have seen that there exists for every point of the curve C 
whose vertices P,, P?., P,, P, are determined by the choice of the independent 


a tetrahedron 


variables «. In order that we may be able to obtain a clear insight into the 
geometry of the curve, it is necessary that we may be able to define this tetra- 
hedron by purely geometrical considerations. As a consequence of our preced- 
ing results we are now able to do this. 

We have already noticed that 7, is a point on the tangent, and by a properly 
chosen transformation & = &(.) it may be transformed into any other point of 
the tangent. When the independent variable has been definitely chosen to be 
x, we obtain, therefore, a point . on the tangent which is not, in general, dis- 
tinguished by any geometrical property from any other point of the tangent. Its 
position may serve as a geometric image of the independent variable. 


Consider the osculating conic 


The polar of any point (#7, 2, ,, 0) of the osculating plane with respect to it, 
is the straight line 


r,=0, 20x, 9, — 15x37, + — 82P, = 0. 


3 


{ } 
a, = 0, 
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Therefore, the polar of P_, whose codrdinates are (0,1,0,9), is the line 
In other words: 

The line P,P, is the polar of P_ with respect to the osculating conic. 

We shall speak of the curves C_, C,, C, as the derivative curves of C with 
respect to x, of the first, second and third kind respectively. The ruled sur- 
faces which are obtained by joining the points of C’, to the correspondiag points 
of C., C,, C, shall be called derivative ruled surfaces of the first, second and 
third kind respectively. Then, the derivative ruled surface of the first kind is 
unique. It is simply the developable whose cuspidal edge is C,. Let us con- 
sider the derivative ruled surface S of the second kind generated by P, P,. 
The curve C) is, of course, an asymptotic curve upon it. This surface is char- 
acterized by the equations (20), where p, has been assumed equal to zero. 

According to the general theory of ruled surfaces,* the asymptotic tangents 
to S at the points P, and P, are obtained by joining these points to 22 and 


—4P,2 4+ 


respectively. Therefore the asymptotic tangent to Sat any point (2,, 0, 2,, 0) 
of P,P, joins this point to 


2P,4,y + (24,—4P,a,)2 + 2a,¢. 
Hence, the equation of the plane tangent to S at (a,, 0, 2,, 0) is 
— 4%, + (4, — 2P, ) = 0. 


To the same point of PP, there corresponds a plane in the osculating linear 
complex. According to (47) this is the plane 


Therefore, if at any point of the generator of the derived ruled surface of the 
second kind we construct the tangent plane as well as the plane which corre- 
sponds to it in the oseulating linear complex, these planes form an involution. 
The double planes of this involution are the osculating plane (x,= 0), anda 
plane (#, = 0) which contains P, , the point of the derivative curve of the third 
kind which corresponds to 7? . 

The point which corresponds to this latter plane, is 


B=2P,y+ p. 


According to (47a) we have further, corresponding to the point P_ or 
(0, 1, 0, 0), the plane «, = 0, which also contains P,. The line P, P, is now 


completely determined, as follows : 


* WILCZYNSKI, Covariants, etc. Transactions of the American Mathematical 
Society, vol. 3 (1902), p. 434. 
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The generator of the derived ruled surface of the third kind is the intersec- 
tion of the following two planes: Ist, the plane corresponding to P, in the 
osculating linear complex ; 2d, that plane which is tangent to the derived 
ruled surface of the second kind at the same point which corresponds to it in 
the osculating linear complex. 

It still remains to determine the position of P, and P, on the lines P,P, 
and P P,. 

The osculating conic intersects ? P, in P, and in P, where 
(53) a=4P,y + dp. 

The cross-ratio of the four points P,, P,, P,., Ps, is 
(a,¥,8,p)= 8. 

Tf, upon the generator of the derived ruled surface of the second kind, there 
be marked its intersections with the osculating conic, and the point P, whose 
tangent plane coincides with the plane corresponding to it in the osculating 
linear complex, the point P, is determined by the condition that the cross-ratio 
of these four points shall be equal to §. 

If P, = 0 this definition of P, breaks down. In that case, however, P, and 
P, coincide with P;. Therefore, if the derived ruled surface of the third kind 
is a developable, P, is that point on the generator of the derived surface of 
the second kind where this generator intersects the osculating conic the second 
time. At this point the plane, tangent to the ruled surface, and the plane, 
corresponding to it in the osculating linear complex, coincide. 

If we use the notations of the theory of ruled surfaces,* we find from (20), 


= 4, u, = 8P,—4P,+ 8P%, Uy, — = 16P,, 
— + = — 


But — = 0 is the condition that C, and C, shall be harmonically 
divided by the branches of the fleenode curves of the ruled surface, while 
(%,, — Uy)? + 4u,,U,, = 0 is the condition under which the two branches of the 
flecnode curve coincide. + Therefore, we obtain the following theorem. 

If the derived ruled surface of the third kind is a developable, the intersec- 
tions of the generator of the derived ruled surface of the second kind with the 
osculating conic give rise to two curves upon this surface harmonically conju- 
gate with respect to the two branches of its flecnode curve. 

If 0,=9, the second intersection of the generator of this surface with the 
osculating conic is a point of its fleenode curve. Moreover, the two branches 
of the flecnode curve must then coincide. 

* WILCZYNSKI, Covariants, etc., loc. cit., p. 445. Invariants, etc., Transactions of the 


American Mathematical Society, vol. 2 (1901), p. 6. 
Tt Loe. cit., p. 444. 
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It is to be noted that we have here a geometrical interpretation for the 
invariant equation @,=0. We shall find two other, quite different interpreta- 
tions for this condition later on. By the method of HaLPHen still another 
meaning can be attached to this equation, not however so purely geometrical. 

We may, if we wish, make use of the torsal cubic in our further constructions. 
For, it is now defined entirely by geometrical considerations. If, in fact, we 
trace upon the developable, whose edge of regression is C’ an arbitrary curve 
C;, we now know how the corresponding ruled surfaces of the second and third 
kind may be constructed. They depend upon an arbitrary function of x, as 
does the curve C;. Among the surfaces of the third kind there exists a single 
one-parameter family of developables. Upon that generator of each of these 
developables which passes through P, we mark the point where it intersects the 
cuspidal edge of the developable to which it belongs. The locus of these points 
is the torsal eubie. 

We notice incidentally that the reduction of equation (1) to the Laquerre- 
Forsyth canonical form is equivalent to the determination of one of the devel- 
opables of the third kind. Since this reduction is made by solving an equation 
of the Riccati form we notice further the following theorem. Zhe four curves 
on the developable of C, which correspond to any four of the developables of 
the third kind, intersect all of the tangents of C, in point-rows of the same 
cross-ratio. 

Let us consider the developable surface of the torsal cubic, which is given by 
equations (44). We are going to find its intersection with the plane P, P_.P,, 
or #,=90. The intersection of the plane w,, ---, «,, which osculates the cubie 


at the point whose parameter is 7, with the plane «, = 0 is the line 


— 1802, + 270n«, + (5400, + 542; — + 135y)x, = 0 


of this plane. As 7 changes this line ervelops a curve, the required intersection. 
Its equation will be found by eliminating 7 between the above equation and 


this other one 
270%, + (— 824P, + 405n*) = 0 


obtained from it by differentiation with respect to 7. This elimination may be 


easily performed. The result is 


This plane cubic together with the tangent PP. gives the complete intersec- 
tion of the plane ? 2, P, with the developable of the torsal cubic. It has a 
cusp at P_, and the equation of its cusp tangent is 


ov, — Oa, = 0, 
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as one may find by the general theory of plane curves. It intersects P,P, in 
the point 
(55) Kk = 24y + 20c. 
The tangent to the plane cubic at ?, is 
10x, 
It intersects the eubic again in the point 
(12 + 300,+ 38P))y — 62 + 20c. 


If this point be joined to P_ by a straight line, the latter will intersect P,P, 
in the point 
(56) A = (12 + 800,+ 3P))y + 20c. 


The plane P, P,P, is tangent to the torsal eubic. It intersects it once more in 
the point corresponding to = 0, viz., (600,+ 6P))y+24P,2+4+ 200. A 


line joining this point to P. intersects P,P, in 
(57) w= (600,+6P))y + 20c. 
Consider the four points ?,, P,, P, and P|. We have 


A= (300, + 3P,—12)y= 
so that /?, is the harmonic conjugate of 2 with respect to P, and P,. 

The osculating eubie differs from the torsal cubie only in having 2(?, — 2;) 
in place of 100,+ P. Consequently the plane cubic in which its developable 
intersects the plane ? P_P, is 


(58) P | )( 6x, r+ liz, 102, -- 6(P,— = 0. 


4 


If we denote by P:, P;, P; the points constructed with respect to this curve 


in the same way as ?,, and ?, and P, were with respect to /’ = 0, we find 
(59) + 20c, 12P,—12P))y + 20c, 


the cusp and its tangent being common to the two curves, as well as the tangent 
at P. Irefrain from formulating explicitly the various theorems which may 
be obtained from these equations. 

In order to obtain a simple construction for ?,, we shall consider finally the 
developable generated by the motion of the plane P,P, P?,. The equation of 
this plane is x, = 0. As changes into x + dx, y, z, p change into y + y'dx, 
p+p dx, respectively, where y’, are given by equations (5). 
The equation of the plane of these points, referred to the tetrahedron 


P., P., P.. is 


} 
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—3(P,—P,) dx 
which becomes, when developed, 
bx ( 1 3p, ) _ 22, P, dx _ ( ow = 0 


Therefore the equations of the generator of the developable, generated by the 
motion of the plane P,P, P,, are 


(60) 9, — 


l 


It intersects the generator (7, = 7, =) of the derived ruled surface of 


the second kind in that point 

(52) B=2P,y+p 

whose tangent plane coincides with the plane corresponding to it in the osculat- 
ing linear complex. Its intersection with P?, ?,, the generator of the derived 
ruled surface of the third kind, is 

(61) 

The generator of the developable joins P, to ?,. We wish to determine its 


edge of regression. If 


6=/18 + my 
is the point where ?, ?, meets the edge of regression, we must have 
+ sy, or IB’ + my + sy. 
We proceed to determine the ratio of 7 tom. We find 
4+ 
We may eliminate p and o by (52) and (61). This gives 
B'=—40,y—p,8+ 7, 
—p,y. 
We may therefore put 
m= — 


so that 


(62) —6P?)B— 40,7 


gives the edge of regression. This gives the following theorem: 


121 
vs 
1 — p, dx bx 0 0 
— | P, ) Or 2P, dx 1 — p, 


Fy 
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The developable, generated by the plane of the generators of the derived 
ruled surfaces of the second and third kind, has its edge of regression upon 
the derived ruled surface of the second kind, if, and only if, the curve C, 
belongs to a linear complex. 


We may write in place of (51) 


y= 60(P,— + 200. 
We have from (59) 
A=12(P,— P))y + 200. 


3 


Therefore, the cross-ratio of the four points P., P > P- and P. is 
Y 
4,7) =0. 


We have found finally a geometrical definition for P?,, which we may recap- 
itulate as follows. Zhe plune of the tangent und the generator of the third 
derived rule d surfuce intersects the osculating cubic in ar. counted twice and 
one other point. If the latter point be joined to ,. by a straight line we 
obtain a certain point P- as the intersection of this line with P fe The 
generator of the deve lopable, generated by the plane of the generators of the 
derived ruled surfaces of the second and third kind, intersects PP. in 
another point P,. P, may now be found as that point of P,P, which 


makes the cross-ratio 


(P,, P,, Pz, P,) =5. 


We have shown how to construct the fundamental tetrahedron when 7. is 
given. If 7, is given, P, can be found at once as the pole of PP, with 
respect to the osculating conie. If P, is given we may find first its polar plane 


with respect to the oseulating linear complex which is 


and therefore passes through 7, but not through /?.. 2, can therefore be 
found at once at the intersection of this plane with the tangent to C, at P.. 

We see therefore, that any one of the three points ag wa Fr’. determines 
Unique ly the others. 


$6. Some further properties of the derived ruled surfaces of 


the second and third kind. “ 


Let us suppose p, = 7’, = 0, so that the derived ruled surface of the third 
kind is a developable, and let us consider the derived ruled surface of the second 
kind which corresponds to it. We proceed to deduce the equation of its oseu- 
lating linear complex. 

Let Y and #2 denote the developments of y and p in the vicinity of the ordi- 


| 
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nary point « = a, and replace again « — a by x in the developments. Then we 
shall find 


where 
(69) 


1 — — 3, (8P,+ 

while y,, ---, y, have been computed before. Denote by 


the Pliickerian codrdinates of the line joining the two points. We find 


> 9p’ > 9 p” ae. 
= 1P 1/9 Pp’ > \ pt 
+ 


@,. 1 P.,x' 4- 
4--- 
Let 
+ bo,, + do,,, + + fo,, = 9 


be the equation of the osculating linear complex of the surface in question. 


Then, the coefficients of all powers of x up to and including 2* must be zero, if 
we substitute the above developments of @, into the left member. This gives 


us the following equations : 
5=0, e+d=0, —Piat+e=90, 
P,)a—4P,b+ =0, 


whence the ratios of the coefficients may be easily deduced. 

We find thus the equation of the linear complex osculating the derived 
ruled surface of the second kind which corresponds to a developable of the 
third kind ; it is 


(64) 4P,0,, —(P, 2P3)(, — ®,,) + 4(P,—2P;)P,0,,=9. 


It coincides with the osculating linear complex of C, if and only if P, = 0,i.e., 
if C,, belongs to a linear complex. This result is also obvious for geometrical 


reasons. 
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The coordinates v, of the plane, which corresponds to a point #,, 


in the linear complex (64), are given by 


ov, = 4P x, + ( _ 


ov, = — 4P,z, — ( _ 
(65) 


where @ is a proportionality factor. 

Let us consider at the same time the oseulating linear complex of C|. The 
lines common to the two complexes form a congruence whose directrices we 
propose to find. This we can do quite easily by writing down the equations 
which express that, for a point on one of the directrices, the two planes corre- 
sponding to it in the two complexes must coincide. The right members of (65) 


must, for such a point be equal to 


respectively, where @ is a proportionality factor. 
The four equations obtained in this way can be satisfied only if their deter- 
minant vanishes, which gives 


(66) 


4 


whence the following equations for the two directrices 


of which three equations only two are independent, and where we have assumed 
P,+0. In fact, if 2, were zero the two complexes would coincide and the 
congruence would be indeterminate. 

Since we have assumed /?, = 0, the quantity under the square root is — @,. 
We find a second interpretation for the condition 0, =0. Jf 0, = 0, the con- 
gruence has coincident directrices. We may combine this with our former 
result to the following theorem. 

Choose as derived ruled surface of the third kind one of the developables 
of the single fumily which exists. Consider the osculating linear complex of 
the corresponding ruled surface S of the second kind. Let the directrices of 
the congruence, which this complex has in common with the osculating linear 


complex of the fundamental curve C,, coincide. Then the two branches of the 


| 
4 
Px, — Pyx,—(2P,— P,)r,=9, 
(67) —v,+12P,— Paw, =0, 
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flecnode curve of S coincide and the generator of S which passes through P. 
will intersect the osculating conic of C, in P,, and a second point whose locus 
is the flecnode curve of the surface S. 
I refrain from formulating the converse. The above conditions are fulfilled 
if and only if 0, = 0. 
Let us consider one of the directrices (67), for example that one which corre- 
sponds to the plus sign of the square root. Then we see that 
a=P.v2P,—Pyt Pyp, 
(68) 
V2P,— 
are two points on the directrix. We have multiplied each expression by a 
factor so as to have a and § of the same weight. If now we change the inde- 
pendent variable, but in such a way as not to disturb the condition P, = 0, we 
shall get in (64) a single infinity of complexes, and in (67) two families of lines, 
the directrices of the single infinity of congruences which thus result. We are 
going to study to some extent the two ruled surfaces thus generated. 
Put 


(69) 


i 
Making the transformations which preserve /”, = 0, for which we must have 
we find that « and 8 are transformed into % and 8, where 


= a+ 2nP,z + 3’ 


i: 


The point mz +8 will be an arbitrary point on the line joining P,P. 
We find therefore, the equations of our surface referred to two parameters 7 
and m/n, 


= +(m+n) Pk + n( 3 nh? + 


2mnP, + n( + 3n°h), 
(70) 
3knn, 
2, = nk. 
The nature of this surface may be easily determined. We have, returning to 

the two curves C’, and C’, upon it, for C, 

if we put n= 0, m=1//,in (70). If we put m =0,n=1/k we find for C, 


1. 
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But (a,, 8,) are simultaneous solutions of the equation 


dg 
dn 


which proves that the ruled surface which we are considering is a developable 
whose edge of regression is the twisted cubic C,. 
The curve C, is a conic, the intersection of the developable of the cubic with 


the osculating plane of C_. Its equations are 


wv, =9, + 8x, x, 8h? = 0. 


4 


We notice that for 0, = 0 it coincides with the osculating conic, a further inter- 
pretation of this condition. Zn general, the two conics have a contact of third 
order at P.. 

If, in these equations, we change & into — & we obtain the developable, cubic 


and conic associated with the second directrix of our congruence. <A consider- 
able number of other configurations are suggested by the combinations of these 
various curves and surfaces. I will refrain, however, from any further study in 
this direction. 

The curve C,, is an asymptotic curve upon every derived ruled surface of the 
second kind. Moreover, the most general derived ruled surface of the second 
kind depends upon one arbitrary function, as does also the most general 
ruled surface containing Cas an asymptotic eurve. It is easy to see that the 
derived ruled surface of the second kind may be made to coincide with any 
ruled surface upon which C’ is an asymptotic curve if the independent variable 
he properly chosen. 

Upon the derived ruled surface of the third kind, C, can never be an asymp- 
totic curve. It may, however, be one branch of the fleenode curve. In fact, if 
we form the quantities “, of the theory of ruled surfaces for system (27), we find 

=— 


But “,, = 9 is the condition that C, may be a branch of the fleenode curve on 


the surface generated by ?, P?,. Suppose that the variable has been so chosen 


as to make 0. The most general transformation which is possible, leav- 


ing this relation invariant, must, according to (11) satisfy the condition 


— 
or 


(71) — — 12nP, + — = 0, 


a differential equation of the second order for 7. Moreover two different solu- 
tions of this equation always give rise to two distinct ruled surfaces. For, let 
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7, and , be two such solutions, and let ¢,, ¢, be the corresponding values of c. 
Then, according to (9), 


But if the same ruled surface corresponds to 7, and 7,, the three points y, ¢, 
and o, must be collinear. We must therefore be able to reduce 


to a multiple of y. But this is clearly only possible if », = »,. 

We see, therefore, that there are x? derived ruled surfuces of the third kind 
upon which Cis one branch of the flecnode curve. 

If P is not zero, our problem leads to the differential equation 


(72) — 439?) = $P) —12P,n + — 
which is of the second order and third degree. 

I have shown ina former paper that the most general ruled surface which has 
C’, as one branch of its flecnode curve contains an arbitrary function in its gene- 
ral expression.* I have also shown that together with any such surface, its flee- 
node surface and each member of a single infinity of surfaces determined by 
these two, also contains Cas one branch of its flecnode curve. One might 
imagine that there could be based upon these theorems a transformation theory 
of equation (72). This is not the case however. For, if one of the surfaces con- 
taining C’ as a branch of its flecnode curve is a derived ruled surface of the 
third kind, its fleenode surface is not, nor is any member of the family of ruled 
surfaces just mentioned. 


Corresponding to the oo” solutions of (72) or of 
| = + 
we find oo? positions for P;, viz.: 
= (EP) —12P,n + + y + (4u + 6n*)z + + 4c. 
The locus of these points is a cubic surface 


(73) 27 Px} — 36 + 90x, 2,2, — 90x, — 4073 = 0, 


which contains P_, the tangent of as a double line. It is therefore a ruled 
surface. It is in fact a CAYLEY’s cubic scroll. 


If one derived surface of the third kind is known upon which C, is a branch 


* General theory of curves on ruled surfaces, Transactions of the American Mathe- 
matical Society, vol. 6 (1905), p. 78. 
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of the flecnode curve, two others may be found by merely solving a quadratic 
equation. 

In fact, suppose that a solution 7 of (72) be known. We may make a trans- 
formation of the independent variables, § = &(x) such that 


2). 


In the resulting equation P’ = 0. If we again denote the independent variable 


by x, (72) becomes 
— = —12P,n + — 


where P, is a constant, since 2?;=0. But we may satisfy this equation 


putting » = const., which gives the equation 


whence 


The root 7 = 0 gives the original solution. The other two are new. 


$7 The principal tangent plane of two space curves. The covariants. 


Transition to Hualphen’s investigations. 


HALPHEN has introduced a very important notion, which we shall now pro- 
ceed to explain. 

Let there be given two space curves having at a point P a contact of the nth 
order. If these curves be projected from any center Q upon a plane, the pro- 
jections will also have, in general, a contact of the nth order at the point corre- 
sponding to ?. HALPHEN shows that there exists a plane passing through the 
common tangent of the two curves such that if the center of projection be taken 
anywhere within it, the contact of the projections will be of an order higher than 
n. This plane he calls the principal tangent plane of the two curves. * 

We shall follow HaLpHen in determining the principal tangent plane at )’, 
of the curve C and its oseulating eubic. This will lead us to an especially 


simple form for the development of the equations of the curve, which is also due 


to HALPHEN and on the basis of which he draws his further conclusions. It 


y 


will also enable us to substitute for our system of covariants C’,, C,, C, another 
system whose geometrical significance will be apparent, and in terms of which 
C,, C,, C, may be expressed. 

* HALPHEN, Sur les invariants différentiels des courbes gauches, Journal de 1’ Ecole Poly- 


technique, vol. 47 (1880), p. 25. 


by 
12P,. 
c vo 
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Assuming P, = 0, the equations of the osculating cubic, referred to the tetra- 


hedron P, P,, are 


227 = 0, 
Let us put 


> 
and 


(75) 


4 


Then the equations of the cabie 


(76) y 


The relation of the new tetrahedron of reference to the cubic is quite simple. 
The plane 7,=0 is the osculating plane at P; 7,= 0 is some other plane 
through the tangent; this plane intersects the cubic in another point Q: the 


plane tangent to the cubic at @ and passing through P is x, = 0; the osculat- 


ing plane at Q is 7,= 0. 


Since 7, = 0 may be chosen in an infinity of ways we see that the reduction 
of the equations of a space cubic to the form (76) may be accomplished in an 


infinity of ways. 


For the curve C_ we have 


—5P,P,—12P,P, , 
“7! 
P,, P.+4P,, 
77 
16P? —8P;—4P° 
+ 


If we refer it to the same tetrahedron to which we have just referred the 


osculating cubic, and if we put 


_ 


Is 


reduce to 


3 


129 
i 4 
Y; 
| I, I, 
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we shall find 
25 — 
(8P, —5P,)F + 7 
(78) 


c= — + 
If we put 


(79) E=eNX, n= f=Z, 


125 


7.12 


—25P,)F 


assuming, therefore, that 2, is not zero, this becomes 


= 
(80) 
where 


625 


(81) 


(36P), — 25P,)eé*. 


But we can make a further change of codrdinates without disturbing the form 
(80) of the development. For the plane «,= 0 may be taken to be any plane 
through the tangent. It may be taken in such a way as to make X, vanish, as 
we shall presently see. The plane thus obtained will obviously be the principal 


tangent plane of the curve C’ and its osculating cubic. 
Instead of working out the transformation geometrically we shall put with 


HALPHEN 
(82a) 
where 
oO, = 1+ + ape + pZ, 


A + + 


the quantity p being arbitrary. We shall find with him 


(822) 


Y= Xx? A, x7 + 
X34 + MX7+.--., 


as the result of applying this transformation to any system of equations of the 


form (80). The coefficients of (83) are 


(83) 


(84) 

A, =A, + A, =A, + pH, + Pp A, )- 
For 


[April 

3 

—, 
@ 
= Y + pZ, 
A, 
9 
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this reduces to the canonical form required, in which we may wlso assume 
uw, = 1 if the curve does not belong to a linear complex. 

If we combine the various transformations which we have made successively 
we get the following result: Jf we introduce non-homogencous codrdinates by 
putting 

(85a) ==, Z=~, 
Ys 
where 


= y, + 2pey, + y,, 


~ 


= 10¢y, + 6 
(854) 


by, ’ 
= 125¢€’y, + Tope y, 30p° ey, + ( 6p° 
and where 
5 3 9 
(89c) 


the development of the equations of the curve C, may be written in the canoni- 
cal form 


X°4+ 


(S6) 


where A., M_, --- are given by (84) together with (81). This transformation 
is valid if C, does not belong to a linear complex. 


The coefficients of (86) are absolute invariants. We find, in fact, 


625€° 625e! 
where 
(88) 0, = 40,0; — 30,0. 


From (86) and (76) it is clear that the plane 1” = 0 or 7, = 0 is the principal 
plane of the curve C,, and its osculating cubic. In the original system of coor- 
dinates its equation will, therefore, be 
(89) 

It C’, belongs to a linear complex, it coincides with the osculating plane. 


The point which corresponds to (89) in the osculating linear complex is 


(90) (5P,—8P.)y + 4P,2, 


or in invariant form 
(91) (9, + 80,)y + 20,2, 


Trans. Am. Math. Soc. 10 
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an expression whose covariance may be verified directly. We shall call this 
point the principal point of the tangent. We thus obtain a curve on the 
developable of C’, which may be called its principal curve. 

If we make a transformation such that 


(92) 3n = 0, + 30,, 


the point P- describes the principal curve on the developable of C|. The 
points /; and P= also describe perfectly definite curves, whose expressions may 
be obtained from (9) by substituting for 7 the expression (92). Any covariant 
may be expressed in terms of y and the three which we have just determined, 
which may, therefore, serve to replace the covariants C,, C, and C,. 

If C, belongs to a linear complex these four curves all coincide, so that a 


different set of fundamental covariants must then be selected. 

In this exceptional case our fundamental tetrahedron P, P. P,P, gives rise 
to a most remarkable configuration. If we put again P, = 0, we have in this 
case also P,= 0. P,P, generates one of the developables of the third kind 
of which C,, is the euspidal edge, while P?, P, of course generates the develop- 
able of which C’ is the cuspidal edge. The surface generated by P, P, is not 


developable. Its equations become 
Py = 0, — = 0. 


It belongs to the same linear complex as C,, and C,, and C, are the two 
branches of its complex curve which is at the same time an asymptotic curve. 
P.P., generates a developable, since z’ = p, of which C_ is the cuspidal edge. 
P,P, generates a developable, since p’ = a, of which C, is the euspidal edge. 
Finally P, P, generates a ruled surface whose equations are 

— + Piz=0, 

upon which C’, and C’, are asymptotic lines. 

We find, therefore, the following theorem. 

If the curve belongs to a linear complex, we may, in an infinity of ways, 
choose the fundamental tetrahedron so that four of its edges give rise to 
developables whose cuspidal edges are described by the four vertices. The 
other two edges of the tetrahedron will then give rise to ruled surfaces upon 
each of which the vertices of the tetrahedron trace a pair of asymptotic curves. 
The latter coincide with the two branches of the complex curve for the derived 
surface of the second kind. 

It does not seem convenient to develop the geometrical theory of the covari- 
ants for this case at the present moment, as it will appear naturally in connec- 
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tion with some further investigations which I have not yet completed, and which 
I hope to present on some future occasion. 

Those results which HaLPHEN has deduced for the general case, and which 
have not been mentioned in this paper might now be directly transcribed from 
his memoir. For we have connected our own theory with his by obtaining the 
canonical form (86) for the development of the equations of the curve. In the 
case 0, = 0, a different canonical form must be used, which has also been indi- 
cated by HaLPHEN, but not extensively employed. The discussion of this we 


shall leave for a later occasion together with the investigations mentioned above. 
CAMBRIDGE, ENGLAND, 
June 20, 1904. 


SUR LES OPERATIONS LINEAIRES* 


(DEUXIEME NOTE*) 
PAR 
MAURICE FRECHET 


Nouvelles représentations opération linéaire. 
Remarque sur le théoreme de M. Hadamard. D’aprés ce théoreme, toute 
opération linéaire U, portant sur une fonction f(s) continue entre a et b peut 
se mettre sous la forme 


U, = lim | S(y) dy, 


ou les A” ( y) sont des fonctions continues entre « et b. I] nous sera utile d’ob- 
server qu’on peut méme supposer que les fonctions A’, soient nulles en a et b. 
I] suffit de remplacer (y) par A) (y)+ 7.(y) en appelant 7 (v7) une fone- 
tion continue nulle de a+ i’ b—e, et égale 

y—a—e b—e —y 


"K (a) et (>) 
€ 
dans les intervalles respectifs («, a+¢€,), (b—e€,0). En prenant, par 


exem) le 


1 
n( (a)|}+1)( A +1)’ 


on voit que lon a 


)dy = 


be —y (b) 1 


+1)( (b)| +1) 


Par suite, l’intégrale 


b 
T(y)dy 
tend vers 0 avec 1/n et il en est de méme de 


J T (y)dy. 


* Presented to the Society December 29, 1904. Received for publication December 2, 1904. 
+ Voir Transactions of the American Mathematical Society, vol. 5 (1905), pp. 


493-499. Nous conseryons ici les mémes notations. 
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On peut aussi supposer que les K(y) soient des polynomes. En effet 
puisque ce sont des fonctions continues, on peut trouver pour chaque valeur de 
nun polynome P tel que l’on ait, entre a et 


1 
Pi(y)— 4,(y) 


Et lon aura 


lim y WA y )dy = lim | y y )dy =U. 
Mais on ne pourra pas toujours supposer en méme temps que 7 (7) soit nul en 
aetb. 

La remarque précédente nous fournit un nouveau développement de l’opéra- 
tion linéaire la plus générale portant sur une fonction continue. En effet, 
posons 

pay 
On aura 


(21) U,=lim + +a UY 7), 
avec 
(22) [ 


On peut obtenir un autre développement en s’appuyant sur ce que toute fone- 
tion continue entre 0 et 1 peut ¢tre représentée par le développement uniformé- 
ment convergent 


ou les 


r,n 


tion f.* De sorte qu’en appliquant l’opération U terme a terme dans le cas 


(y) sont certains polynomes déterminés indépendamment de la fone- 


ot a=0,b=1,) on aura 


les nombres 
r= AYR, 


restant indépendants de la fonction 7). 

Cette représentation de l’opération U, est intéressante en ce qu'elle donne un 
procédé pour caleuler effectivement U, connaissant seulement les valeurs de /(7) 
en tous les points de lensemble # des points d’abscisses commensurables. 


* Voir E. BorEL, Legons sur les fonctions de variables réelles, p. 80, Gauthier-Villars, Paris, 
1904. 
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On pourrait dailleurs I’étendre au cas ott est un ensemble dénombrable 
partout dense entre 0 et 1. 

Mais les deux développements (21) et (23) ont linconvénient de ne pas étre 
chacun seul de son espece: autrement dit, les coefficients a", b" ne sont pas 
déterminés d’une facon unique par l’opération VU. Ainsi, par exemple, la for- 
mule (23) subsisterait en remplacant les 4" par les quantités 6" + d*/n? pourvu 
que les nombres arbitraires /" soient bornés dans leur ensemble. 

Au contraire, le développement (4')* en série indéterminée west valable que 
pour une suite de valeurs u,, u,, --- bien déterminées par Topération U,, 


comme on s’en assure facilement. 


Décomposition Mune opération linéaire, correspondant @ une 
décomposition de Vintervalle. 

Soit c un nombre queleonque compris entre « et b et soient ¢, et ¢, deux 
fonctions continues définies de la facon suivante: f(a) étant une fonction con- 
tinue dea ib qui coincide avee de aac et avee f,(x) dec ab, nous 
prendrons 

(x) = fix) — 3 deaare, (7) =} f(c) decad, 
puis 
(x) = fix) — $,(*). 
Alors, on aura 
Or la fonction continue ¢, est détermin¢ée connaissant seulement la fonction 
entre a etc. Done peut étre considérée comme une opération fone- 
tionnelle V,, portant sur la fonction continue /, («) définie entre a et c. De 
plus, on voit facilement que cette opération V, est distributive et continue, c’est 
i dire linéaire. On pourra ainsi écrire 


(24) U,=V,,+ W,,, 


V et W étant deux opérations linéaires définies respectivement dans les inter- 
valles (a,c), ( eb 

Etant donnée une telle décomposition, on peut en trouver immédiatement 
une infinité d’autres: il suffit de remplacer respectivement V, et W,, par 
V,,+ Afi(ec) et W,,— Afi(c), A étant une constante arbitraire. Il n’y a 


pas d’autres decompositions. Autrement dit, si v,, V,, et w,, W,, sont des 


operations linéuires définies respectivement dans les intervalles (a,c) et (c,b) 


et telles que Von ait 
,=V,+W,, 
on a nécessairement 


v,, Af(c), = W,,— Af(e), 


*Transactions, loc. cit., p. 496. 
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A étant une constante arbitraire. En effet, les deux membres de lidentité 


évidente 


représentent une meme opération qui ne varie pas quand on remplace 7, et f, par 
deux fonctions continues queleonques ayant en ¢ Ja valeur 7(¢). Par consé- 
quent, cette opération est une fonction de /(¢), au sens ordinaire: soit, 


G@[jf(c)]. Et comme on doit avoir 
GL EL + F(e)]. 


G est nécessairement de la forme A/(c). 


Comme on a 


on serait tenté de dire que l'une des décompositions précédentes est fournie par 


les formules, 


(25) = lim | w,,=tim | 


e/¢ 


Mais cette conclusion serait prématurée, car il n’est pas certain que les seconds 
membres de (25 ) soient convergents. Cependant, nous allons montrer qu’on peut 
toujours choisir les fonctions A’, continues de a a b de facon a ce qu'il en soit 
ainsi. En effet; soit 

U.=V,.+ 
l'une des décompositions possibles de U’,.. D’aprés notre premitre remarque, on 
peut trouver des fonctions //,(y), L,(y) respectivement continues dans (a, c) 
et (c, b) mais nulles en c, de facon que l'on ait 


a lim | = Tim L, 
Or la fonction A’, (v) qui coincide avee 7/7, de a ic et avee L, de cab est con- 


tinue de a wt b et telle que l'on ait 
CU = lim | fdy, 


—ce qui démontre la proposition. 

On généralise immédiatement ce qui précéde au cas ott lon diviserait I inter- 
valle (a, 4) en un nombre fini queleonque dintervalles contigus. 

Etant donnée une opération fonctionnelle continue U, queleonque portant sur 
la fonction f(x) continue entre « et 4, on ne peut pas toujours la mettre sous la 
forme d’une somme de deux opérations continues V,, W,,, déterminées quand 


on connait les valeurs et f,(#) de ) dans les intervalles (a,¢),(¢, 0). 
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Mais il ne faudrait pas croire cependant que les opérations Jinéaires sont les 
seules opérations continues qui jouissent de cette importante propricté. Soit 
par exemple, l’opération continue = [ |? ott est un nombre fixe entre 


«a et b. Appelons V,,, l'opération continue égale si nulle si 
ec et W,, Vopération continue égale i 0 dans le premier cas, (a) dans le 


second, Ona U.= V, + W,, et cependant lopération VU, nest pas linéaire. 


Importance du champ fonctionnel dans lequel on définit une opération linéaire. 

Nous avons supposé jusqu’ ici que les opérations lindaires sur lesquelles nous 
raisonnions faisaient correspondre un nombre U a toute fonetion f(.) con- 
tinue entre « et b et cela sans savoir si U, était définie pour d'autres fone- 
tions. Cette hypothtse est essentielle, comme nous allons le voir. Tout 
Wabord, observons que lon peut construire des opérations linéaires définies pour 
toute fonction wxijorme entre a et I) suftit de prendre par exemple 

Pour donner un exemple plus général, consid¢rons un ensemble dénombrable 
FE de points entre « et b: ¢,, Cy, +++ et soit 


A,+A,+---+A 


une scrie absolument convergente. L’opération 
U = A, fle, ee wre 


sera définie et lincaire pour toute fonction /( a) uniforme et bornée entre « et db. 
Or, On NE pe ut étend re a de telles operations le théori me de M. HADAMARD. 


En effet son Gnoneé meme suppose qu’on peut caleuler lintégrale 
| KY 


il faut pour cela que f soit intégrable. Par conséquent, il ne peut avoir de sens 
que dans le champ des fonctions intégrables. Mais cette restriction n’est pas 
encore suffisante. Etant donnée une opération linéaire U, définie pour toute 
Jonction sommuble* entre a et bh, on ne peut pas toujours trouver une 


suite de fonctions mesurables et bornées A ( a) telles que lon ait 


(26) lim | (y)\f (y)dy. 

(On voit que nous nimposons méme plus aux A’, la condition d’Ctre continues), 
I] suffit pour le voir de prendre par exemple 7 =/(a). Si Von applique la 
formule (26) 4 la fonction sommable /(.) qui est égale & 1 pour « = « et nulle 


partout ailleurs, on arrive 4 une impossibiliteé. 


* Voir LEBESGUE, Legons sur Vintégration, p. 115. 
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D’ailleurs, il faut observer, inversement, que le théoreme de M. Hapamarp 
n'est pas uniquement applicable dans le champ des fonctions continues; sa 
démonstration méme est valable lorsque /( 2) n’a qu’un nombre fini de discon- 
tinuités de premitre espece, et c’est dans ce cas général qu'il avait été Gnoneé par 
son auteur. 

Un autre genre de difficultés se présente quand on considére des opérations 
linéaires qui ne sont pas définies dans tout le champ des fonctions continues, 
comme Topération On peut étre ainsi amené considérer ce que 
nous appellerons des opérations linéaires ordre n, a dire des opérations 
distributives portant seulement sur les fonctions ayant leurs 7 premitres dérivées 
continues et telles que U. ait pour limite U, lorsque 7 ef ses n premicres 
dérivées tendent uniformément vers @ et ses x premivres dérivées. 

Si U, est une telle opération, le théor¢me de M. Hadamard lui est applicable 


et on peut meme mettre VU’. sous la forme suivante 


= A. fla)+ Af, + K fdy, 
va 
les A, désignant certaines constantes et les A’, certaines fonctions continues de 
Il suffit pour le voir, d’appliquer lopération A chaque terme de 
Videntité 


Au contraire, si lon décompose («, /) en deux intervalles, le raisonnement qui 
nous a conduit 4 ¢tablir la formule (24) n’est plus valable, car les fonctions 
¢, et d, ne sont pas dérivables jusqu'a Vordre x. Mais le résultat est encore 


exact, si nous prenons de a a ¢ 


a. 

et decadh 

G(r) = 3] Sle) +(e + 
puis ¢, = f— ¢,. 
Seulement, si l'on a, ertve des opérations linéaires d’ordre xn, la relation 
+ 

on naura plus nécessairement 


— = Cc), 


mais 


A,,---, A, désignant certaines constantes. 


| 
A, 
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Equations fonctionnelles. 1] peut arriver que l’on ait 4 chercher les fonctions 
@(x) telles que U, prenne une valeur donnée A. La solution est bien simple. 
Si nous supposons en effet, l’opération U’ non identiquement nulle dans le 
champ // des fonctions auxquelles elle s’applique, il existe au moins une fonc- 
tion (a) de ce champ, non identiquement nulle entre a et 4 et telle que U, soit 
différent de zéro. Il y a au moins une abscisse ¢ de l’intervalle (a, )) qui 
n’annule pas y(a). Ceci étant, il est extremement facile de voir qu’on obtien- 
dra toutes les racines @(x) de léquation U,= A, chacune une fois et une 


seule, par la formule 
A—U, 
O(xv) =f (av) + 


ou f(x) est remplacée successivement par toutes les fonctions distinctes, nulles 
en ¢, du champ H. Le raisonnement s’applique aussi bien quand le champ /7 
est celui des fonctions continues entre « et ) qu’aux opérations lin¢aires d’ordre 
queleonque. 

PARIS, Novembre, 1904. 


SURFACES WHOSE GEODESICS MAY BE REPRESENTED 


IN THE PLANE BY PARABOLAS* 
BY 
EDWARD KASNER 


The general problem of geodesic representation, whose preliminary discussion 
was given by the author in the Transactions for 1903,+ is essentially the 
the same as what may be termed the inverse problem of geodesics, proposed by 
Ligt as follows: Given the equation of the geodesics in the form 
F(u,v,r, = 9, determine the corresponding surfaces. 

For the existence of such a surface, it is necessary that the differential equa- 
tion of given system should be of the form 


(1) y = Ay? + By? + Cy + D, 


where the coefficients are functions of x, y. We shall refer to any equation of 
this form as one of cubic type. Such equations are of interest independently of 
their connection with geodesics: the type is invariant with respect to arbitrary 
point transformation. 

In order that (1) shall represent a system of possible geodesics, it is further 
necessary that the functions A, B, C, D satisfy certain relations expressed by 
the consistency of a system of partial differential equations.§ For our purpose, 
it is not necessary to have these relations explicitly. We note merely that the 
equations of geodesic type constitute only a subclass of the general cubic class 
(1)—a subelass which is itself invariant under the group of all point transfor- 
mations. 

A more special subclass is formed by those equations of the second order 
which are equivalent, under point transformation, to y”= 0. Such an equation 
may be characterized by the fact that its complete integral can be put into the 


form 
y) + const. f, (2, y) + const. f(a, 7) = 9, 


* Presented to the Society December 30, 1902. Received for publication February 25, 1905. 

+t The generalized Beltrami problem concerning geodesic representation, vol. 4, pp. 149-152. 

t Untersuchungen iiber geodetischen Curven, Mathematische Annalen, vol. 20 (1882), in 
particular p. 445. 

¢ Cf. R. LrouvILLE, Sur la charactére auquel se reconnait Véquation différentielle d’un systéme 
géodésique, Comptes Rendus, vol. 108 (1889), p. 495. 
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of the first degree in the two parameters. This subclass includes then all linear 
systems, in the general sense of the term. It is a part of the geodesic class, 
corresponding, by BELTRAMI’s theorem, to the surfaces of constant curvature. * 
The necessary and sufficient conditions on the coefficients of (1), for such a sys- 


tem, are + 


(BD—D,) —(AD+1B,—2C),+ C(AD+4B,—2C) 


« 


— D(AC+ AL) = 9, 
—(AC+ A,), + (AD + 3B,—3C) + B(AD + 3B, —4C,) 
—A(BD— 0. 


In the present paper we consider problems of this kind: Given a system of 
plane curves involving three or more parameters, determine the two-parameter 
systems capable of representing the geodesics of a surface, and investigate the 
corresponding surfaces. A more general problem is the determination of all 
the integrals of form (1) satisfying a given differential equation of the third 
or higher order.t The only case that has received treatment is the case of 
circles; here the only systems of geodesic type are linear, so that the corre- 
sponding surfaces are merely those of constant curvature. § 

The main part of the paper, $$ 1-7, is devoted to what seems to be the 
simplest case of our problem, namely, the three-parameter system of vertical 
parabolas 


(2) y = + pe + 
or the corresponding differential equation 
(3) y 


We shall find that this leads to interesting and important results ; in particular, 
it is the first case which leads to surfaces other thau those of constant curvature. 

In $1, we find all the doubly infinite systems of parabolas whose differential 
equation is of the cubic form (1). In addition to ljnear systems, certain quad- 
ratie systems satisfy the conditions of the problem ($2). The systems are fur- 
ther classified and characterized geometrically ($3, $4). In $5 the existence 


*Cf. Transactions, vol. 4 (1903), p. 119. 

TR. LIouvILue, Journal de 1’ Ecole Polytechnique, vol. 57 (1887), p. 219. For an 
application of these equations cf. E. KASNER, A characteristic property of isothermal systems, Mathe- 
matische Annalen, vol. 59 (1904), p. 352. 

{ In general no solution exists, since the functions A. B, C, D must satisfy an infinite num- 
ber of conditions. An example where the inconsistency of the conditions may be verified very 
simply is y”’=y". The same holds for equations of higher order. 

§ Cf. Busse, Berliner Sitzungsberichte, 1896. It may be shown, by an investigation 
similar to that in $1 of the present paper, that the only systems of circles of the cubic type (1) 
are the linear systems. 
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of corresponding surfaces is verified, namely, those of constant curvature, and 
those which are geodesically representable on surfaces with the linear element 


ds? = v( du? + di’). 


In §7 the group of the geodesics is determined in order to obtain the most 
general representation in which geodesics are pictured by parabolas. In § 6 the 
problem is specialized by adding the requirement that the representation shall be 
conformal; the surfaces are then either developables or applicable on a certain 
surface of revolution. Finally, in § 8, certain more general problems in con- 
formal representation are treated; in this section the discussion is merely out- 
lined since no new classes of surfaces are brought to light. 

The surfaces of variable curvature which satisfy the conditions of our problem 
present themselves, in whole or in part, in many important investigations. We 
mention here the following, detailed references being given later: (1) Systems of 
geodesics admitting infinitesimal transformations (Liz, KOENIGS). (2) Systems 
of geodesic circles admitting contact transformations (Liz). (38) Surfaces for 
which the partial differential equation A@ = 1 admits integrals of the first and 
second degree in the first derivatives (DarBoUx). (4) Surfaces whose element 
is reducible to the LiovuvILLE form in an infinite number of ways (RaFry, 
IKOENIGS). 


§ 8 Differ ntial equations of the proble m. 


We first obtain the conditions that an equation of cubic type (1) shall repre- 
sent a double infinity of parabolas (2). For this purpose we differentiate (1) 
and find that 


(4) y= ay" of + + + 
where 

a, = 3.4’, a,=38AD4+ 3BC4 
(5) a,=5AB+ A, a,=2BD+ 4+ C.+D,, 


a,=4AC+4+ 2B°+A,+B, a.=CD+D.. 


Since for our parabolas equation (3) must be satisfied, we have then the condi- 


tions 


The first of these shows that 
(6) A=0 


the second is then satisfied identically ; and the others give the following four 
equations for the determination of B, C, D: 


| 
a,=0, a,=0, a, = @, a, =O, a, == 
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+2B=0, 
C,+3BC=0, 
U.+D,+C+2BD=0, 
D.+CD=0. 


It will be convenient to divide the discussion of this system with reference to 
the vanishing or non-vanishing of 2. 


Diseussion for B=. 


Putting B = 0 into (7,), we find that C’ is a function of x alone, say the 
function XY. The remaining equations of the system then give 


(8) Di+X'+X*=0, D+xXD=0. 


Eliminating )), we obtain 
xX” + X* = A, 
whose solution is 
2(ax + 6) 
ax + Ibe +e 
The value of D is now found, from (7,), to be 


— 2ay + 2d 


D= 


These values of C and D, together with 4 = 0, B = 0, satisfy all our con- 
ditions. The corresponding equation (1) is 


(9) (ae? + + ¢)y” = + b)y’ — 2(ay — d). 


Discussion for B+ 0. 
The integration of (7,) gives 
(10) B=(2y+ 
where Y is an arbitrary function of x. We now simplify the remaining equa- 
tions of the set (7) by introducing new variables u, v as follows : 
(11) v=(2y+ X)}. 
The result of the transformation, noting that B = v’*, is found to be 
— 304+ 
(12) —v’D, + 2’D+C?+C —3U''C =0, 
D,—3U'?D,+ CD=0, 


where U denotes the result of substituting uv for » in the function X. 
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The solution of the first of these equations is 


(13) C+ 
where U7, is an arbitrary function of vu. The other equations may now be 
written 
D+ R, 
(14) 


D + v"'R, 
where F is defined by 


Equating the two values of D,, found from (14), we have 


(15) 
where 


We now proceed to show that if U, does not vanish, the equations (14) are 
inconsistent. For, under the assumption that U, + 0, (15) may be written 


I 
— — 
3U, 

Substituting this in (14,), we find 


S,— 4+ 


This must be satisfied identically if equations (14) are to be consistent. Substi- 
tuting the values of FR and S given in (14’) and (15’), the coefficient of every 
power of v must vanish. For our purpose it is sufficient to select the coefficient 
of v*, which is found to be 5U?. This, however, cannot vanish, in virtue of the 
assumption made at the outset. 

We may therefore assume that 
(16) U,=0, 
Then equation (15) gives S=0. From (14’), R reduces to U"; and thereby, 
from (15'), S reduces to v-*U'"". Equating the two values of S thus obtained, 
we have U’”” = 0, or 


(17) U=ar? + 2bu +e, 


where a, ), ¢ are arbitrary constants. 
Substituting the values of U and U’, in (14), we find 


D,, = (au + b), D, = 2b"(D +a). 


From the derivation these equations must be consistent ; their common solution, 


containing a new arbitrary constant d’, is in fact 
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(18) D = + 2bu +d’) — a. 
The value of (' given in (13) reduces, in virtue of (16) and (17), to 
(19) C= +h). 
This completes the discussion of the set (7) for 2 +0. The solution found, 


given in (10), (19), (18), may be reduced by means of the substitution formulas 


(11) and the value 
X= ax" + Qhe + ¢, 
to the form 


1 
2y + ax* + + ¢ 
3) 
Qy + ax? + + ¢ 
] 
— al — 
D= : 


where ¢ takes the place of a(d’ — ce). 
The differential equation (1), thus found, is 
(20) ( 2y + + yy” = ae + b)y ay— d),. 


We may state the result obtained at this stage as follows: 

The only equations of eubie type (1) which represent a doubly infinite system of 
parabolas (2) are those of the forms (9) and (20). Both these forms ave included 
in the complete solution 


(21) (2ty + + + ¢)y" =ty” + + b)y’ —2(ay—ad) 


containing four constants a:b:e:d:t. 


§ 2. General character of the systems of parabolas. 
There is no difficulty in integrating (21): for it is known, from the deriva- 
tion, that the integral is of the form (2). We find that our systems of para- 


bolas are represe nted by 


y = Av? + pr + v, 
where X, w, v are connected by a relation of the form 
(21’) t( — 4rv) — + — + =O. 


The character of the system, we shall see, depends essentially upon the dis- 


criminant of this quadratic in A, wu, v, namely, 


(22) § = 4f(b? — ac — 2td). 
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We show first that, if 6 = 0, the equation (21) is equivalent, under the group 
of point transformations, to y” = 0. This requires the discussion of the cases 
t= 0 and 2? — ac — 24d = 0. 

If ¢ = 0, that is, if equation (21) is of the form (9), the corresponding rela- 
tion (21') reduces to the form 


(9’) + — Qav + =O. 


This system of parabolas being linear, is evidently reducible to 1" = 0. 
If ¢ is not 0, we may assume it to be unity, so that our equation is of form 


(20). The vanishing of 5 requires > —ac —2d=0. The transformation 
(23) x, 2y, = 2y + + 2he +e 


then converts (20) into 


For this normal form the relation (21') becomes 
0. 
We may therefore put 
A= 2a’, = 2a8, y= 
so that the solution of (24) may be written 
(24°) y=(aw+ BY. 


This represents the vertical parabolas touching the axis of «. In the theory of 
algebraic curves this would be termed a quadratic system since the parameters 
are involved to the second degree. But in the general (infinitesimal) theory * 
of systems of curves the system (24’) is linear since it may be written 


ar-+B—vy=9, 


which involves the parameters linearly. Hence the equation (24) is equivalent 
toy’ =0. This completes the prooof of the result stated above. 
We pass now to the case 6+ 0. We take, as before, 1, and put 


(25) e=ac—l+d: 
so that «, by assumption, does not vanish. The transformation + 


(26) a, Qey, = 2y + + 2he +e 
converts (20) into 

*See Bulletin of the American Mathematical Society, vol. 12 (1905), p. 307. 

t If reality considerations are taken into account, it is necessary to separate the cases 6 < 0, 
and 6 >0. In the latter case, « is imaginary; but another transformation gives the normal 
form 2yy’’ = y’ —1. This represents the vertical parabolas whose foci are on the axis of x. 


Trans. Am. Math. Soc. 11 


‘ 
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The solution for this normal form is 
48(y — = (x 


which represents the parabolas having the axis of » for directrix. 
This is an essentially distinct case: the equation (27) is not equivalent to 
y 
y’ = 0, since it does not satisfy the conditions of LIOUVILLE given in the in- 
troduction. We have then this result : 

With respect to the group of all point transformation, the systems of parabolas 
possessing a cubic differential equation (1), that is, the systems (21), divide into two 
distinct types. In the first type, the diseriminant & of the relation (21°) vanishes 

and the system is linear, i. e., equivalent toy’ =90. In the second type, 6 does not 


vanish, the system is essentially quadratic, and equivalent to (27). 


$3. Detailed classifications. 

The preceding paragraph contains the classification of our systems (21) with 
respect to the group of all point transformations. We can obtain a closer geo- 
metric survey of the systems by means of classifications based on certain finite 
(continuous) groups which suggest themselves in connection with our problem. 

The totality of vertical parabolas (2) evidently admits the projective transform- 
ations of the form 

G,: 
which constitute a five-parameter group. It may be shown that it admits a more 


extensive group 


This group G, contains (, as a subgroup, the latter arising by putting c, = 0. 
Since any point transformation converts an equation of cubic form (1) into 
an equation of the same form, and since the particular transformations (, also 
convert vertical parabolas into vertical parabolas, it follows that the transform- 
ations G, convert any solution of our problem, that is, any system (21), into a 
solution or system (21). The effect of a transformgtion (, upon the equation 
(21) containing the constants f:a:4:¢:d, is to convert it into an equation of 
the same form with new constants f,: 4, :6,:¢,:d,. 
The induced transformation of the constants is found to be 
t = et, 
a= + ¢,¢,4, 
6. = + + e,eb, 
ce, = + 2e,e,b + 


d= i+ (¢,¢,¢,—¢ — ee, )a + — 2e, 0, )b—e,« + ed. 


4 
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The induced group G‘, corresponding to the projective transformations (7,, is 
obtained by simply putting ¢, = 0 in the above. The modulus of the linear 
transformation is ee}; this cannot vanish, since otherwise the original trans- 
formation G, would have a vanishing jacobian and thus degenerate. We may 
therefore assume that neither e, nor e, vanishes. 

We are now in position to discuss the equivalence of our systems of parabolas, 
or the corresponding differential equations (21), with respect to the group G,. 
From the importance of the quantity 6 in the general discussion of § 2, one is led 
to expect its invariant character in the present connection. In fact, the factors 
of 6 give rise to two (relative) invariants ¢ and b° -- ae — 2td; for 
bi — ae, — 2t,d, = ( b? — ae — 2td). 

This shows that the systems for which ¢ = 0 must be distinguished from those 
for which t+ 0; and, similarly, the cases b* — ac — 2td = 0 and /* — ae — 2td + 0 
are essentially distinct. It is also observed, from the form of G; above, that 
when ¢ vanishes, a, = e,e{a, so that it is necessary then to distinguish further 
according to the vanishing or non-vanishing of a. We are thus led to the fol- 
lowing classification of the systems (21) with respect to G,: 
I: t=0, &—ac— 2td=0, a=0; 

Il: t=0, —ac — 2d =0, a+0; 

Ill: t=0, b—ac—2td+0, a=0; 

IV: t=0, —ac— +0, a+0; 

V: t+0, —ac — 2d =0; 

Vis t+0, b—ac—2d+0. 

No member of one of these classes can be transformed into a member of another 
class ; while systems belonging to the same class are equivalent. 

The last statement may be proved by showing that for each class it is possible 
to set up a canonical form to which all the members of that class are equivalent. 
We omit detailed discussion and merely state the canonical equations with their 


solutions : * 


I: y = 2, y= x + ax + B; 
II: ay” = — 2y, y = ax? + Br; 
Ill: ey” =y', y = + B; 
IV: (2° —1)y" = — 2y, y = an? + Bu +a; 
V: 2yy" = y's y = (ax + 
VI: Qyy" =y +1, 4By = (x —a) + 4°. 


* The discussion for the cases where ¢ + 0 is really contained in 72. The transformations 
there employed, namely (23) and (26), belong to G;. Hence (24) and (27) may be used as the 
canonical equations for V and VI respectively. 
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By a transformation of the type G, any system (21) can be reduced to one of 
these forms. 

In classes I-IV, the relation (21’) between 2, », v is of the first degree, while 
in classes V, VI the relation is of the second degree. Furthermore, classes I-V 
all belong to the first type described in the final theorem of § 2, while VI is 
identical with the second type. 

We pass now to the projective group G,. In the formulas for G;, we put 
then ¢, = 0, so that a is a (relative) invariant as well as ¢ and 6? — ae — 2td. 
The six classes considered above are of course distinct with respect to the smaller 
group now being considered; but V and VI each subdivide according to the 
vanishing or non-vanishing of a. A detailed discussion shows that the only 
other subdivision takes place in 1; here ¢ = 0 must be separated from d + 0. 

We then have the following complete classification of the equations (21) with refer- 
ence to the projective group G,: 

I: this is I with d = 0, canonical form y” = 0; 


I,: this is 1 with d + 0; 

II, 111, IV: same as in the G, classification ; 

V,: this is V with a =0; 

V,: this is V with a + 0, canonical form (2y + a*)y” =y' + 2xy’ — 2y; 

VI,: this is VI with a= 0; 

VI,: this is VI with a + 0, canonical form (2y + 2”)y"= y + 2ay’—2y+1. 

As canonical forms for I,, II, III, IV, V,, VI,, we may take the forms for I, 
II, Iff, 1V, V, VI given in the G, classification above. The case 1, might be 
omitted as trivial since the system does not consist of proper parabolas but of 
straight lines. These enter into the discussion since straight lines, as well as 
vertical parabolas, satisfy the equation y” = 0. 

In the first five of the nine classes the relation between A, pw, v is linear. 
Hence: Of thetwo parameter systems of curves y = rx” + pa + v defined by linear 
relations 

A—bw+av—d=90, 

there are five projectively distinet cases : 

a=0,b=0,d=0; 
L: a=0,b=0,d2+0; 

Il: a+0, 

Ill: a=0,l?’—ac+0; 

IV: a+0, b—ae+0. 
The first consists merely of straight lines, the others of proper parabolas, Systems 


belonging to the same class are equivalent under the projective transformations G,. 
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S 4. Geometric determinations. 


In this section we characterize geometrically the systems (21) and the various 
classes discussed in the preceding section. The discussion is merely outlined, 
but the results are complete. 

Consider first the systems where ¢ = 0, i. e., the systems where the relation 
(21’) takes the linear form (9). Such a linear reiation is obtained by taking a 
fixed parabola* y =X, 2? + w,x + v, and a variable parabola y = Ax* + wr + Vv; 
the straight line through their two points of intersection is 


and the condition that this line passes through a fixed point (.,, y,) is 


which is of the required form. Hence 

Any system defined by a linear relation between X, w, v may be characterized as 
consisting of the 2° parabolas intersecting a fixed parabola mw, in pairs of points 
collinear with a fixed point P.. 

The classes described at the close of § 3 (omitting I,) are distinguished as fol- 
lows: In cases II and IV the point P, is finite, while in I and III it is at 
infinity. In I and II the point P, is on the parabola 7,, while in III and IV 
it is not so situated. 

We pass now to the systems for which ¢ + 0, i. e., the systems for which the 
relation (21’) is really quadratic. To characterize these we make use of the 
canonical forms V and VI in § 3, and the transformations G, and G,. 

For V, the canonical equation represents the parabolas tangent to the axis of 
x. The transformation G, converts the axis into some straight line; and a 
quadratic transformation G, converts the axis into some parabola. Therefore 

Any system defined by a quadratic relation (21') with vanishing discriminant 
consists of the 2? parabolas tangent to either a fixed straight line (case V,) or a 
fired parabola (ease V,). 

For VI, the canonical equation represents the parabolas having the axis of x 
for directrix. If a point is taken on this axis, the pairs of tangents drawn to 
the members of the system constitute an involution. Applying a transformation 
G,, the axis of x is converted into some line and the involution property still 
holds for any point of this line. The effect of a transformation G',, on the other 
hand, is to replace the axis of » by a parabola, and the pencil of lines through 
the point on the axis by a pencil of congruent parabolas through the correspond- 
ing point. The result is: 

Any system defined by a quadratic relation (21) with non-vanishing diserimi- 
nant may be obtained as follows: Take a pencil of straight lines (case V1,), or a 


* The term parabola is used throughout in the sense of vertical parabola. 


. 
. 
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pencil of congruent parabolas (case VI,), and establish an involution therein, 
The 2° parabolas touching the pairs (of straight lines or parabolas) belonging 


to the involution constitute the required system. 


5. The corre sponding surfaces, 

As was remarked in the introduction, the fact that an equation is of the cubic 
form (1) does not of itself show that it represents the geodesics of a surface. 
But for the systems of parabolas obtained we shall find that corresponding sur- 
faces do exist. 

At the close of § 2, it was seen that with respect to point transformation the 
systems are of two distinct types. In the first type, the equation is equivalent 
to y” = 0; so that, by the familiar BeLrrami theorem, the surfaces are merely 
those of constant curvature. 

It remains then to discuss only the second type, whose canonical form is 


(27) 2yy" = +1. 

To find a corresponding surface, it is sufficient to note that, when the element of 
length of a surface is written in the isothermal form 

(28) ds? = (du? + dv"), 

the differential equation of the geodesies is 


(29) — + Let 
where 
=} log E. 


This becomes of the same form as (27) if Z is } logv. The corresponding ele- 
ment is then 
(30) ds* = v(du* + dv*). 


Hence if the element of length of a surface can be reduced to the form (30), 
and the point (u,v) of the surface be represented by.the point # = u, y = v in 
the plane, then the geodesics of the surface are pictured by the parabolas (27) 
having the axis of x for directrix. 

If two surfaces S and S, can be represented upon a plane so that the geodesics 
are pictured by the same curves, it follows that it is possible to establish a point- 
to-point correspondence between S and S, so that the geodesics correspond. When 
this is true we may say that S and S, are geodesically equivalent. The problem of 
finding all pairs of geodesically equivalent surfaces was solved by Dini and Lie. 
The only cases where S, is not applicable on (isometric to) S, or a surface homo- 
thetic to S, arise for the LIOUVILLE surfaces, whose elements are reducible to 


the form 
ds? = {U(u) + V(v)} (dw? + dr*). 
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The element (30), obtained above, is of this type, hence there exist essentially 
distinct classes of surfaces with the same geodesic representation. It happens 
that Lig, in illustration of the general theory due to Dini and himself, has 
given the discussion of a particular case equivalent to (30). Through an over- 
sight, however, Lie overlooked one form of solution.* 

The resulting surfaces coincide, as Kornics has shown, with those surfaces 
whose geodesic equation, A@ = 1, admits precisely three homogeneous integrals 
of the second degree. Another equivalent problem is the determination of sur- 
faces applicable on surfaces of revolution and having an element reducible to the 
LIOUVILLE form in an infinite number of ways. We may therefore make use 
of the forms obtained by Rarry in his discussion of this question. 

If a surface can be represented geodesically upon a surface with the element 
(30), then its element is reducible to (30), or to one of the forms 


P 

(31) = ( (ae de*), 
py? 

(382) ds? = + ) ( die + 


Oe & 
(33) 


(du? + dv"); 

so that (30), (31), (82), (33) together define a complete class of geodesically 
equivalent surfaces. 

Applying this to our problem, we have the final result : 

The only surfaces which can be represented point by point upon a plane so that 
the qeodesies are pictured by parabolas y= + pe + vare: 

1°. Surfaces of constant curvature. The system of parabolas is then linear (in 
the general sense), defined by a relation (21') with vanishing discriminant 8. 

2°. Surfaces of variable curvature whose lincar clement is reducible to one of the 
forms (30), (31), (82), (33). These are all geodesically equivalent; and ave 
applicable On surface Ss of revolution. The corresponding syste iil of parabolas is 
essentially quadratic, defined by a relation (21°) whose diseriminant does not vanish. 

There is no difficulty in finding the explicit equations of the surfaces of revolu- 
tion whose elements are of the above form. We give the result for the simplest 
case. The class represented by (30) is applicable on any one of the surfaces of 
revolution 


Cos = 9 sl | lv 
(34) hy v cos h? y h V v sin h? i de av, 


* KoENIGS, Mémoire sur les lignes géodésiques, Mémoires des Savants Etrangeres, vol. 
31 (1894), p. 22. 


4 


+Rarry, Comptes Rendus, vol. 108 (1889), p. 493; DARBoUX, Théories des surfaces, vol. 
3 (1894). p. 39. 


154 E. KASNER: SURFACES WHOSE GEODESICS [April 


where /: is an arbitrary constant. The equation of the meridian curve is 
(34’) V tat — h'de. 


Another geometric characterization of our surfaces may be obtained by mak- 
ing use of WEINGARTEN’s theorem: any surface applicable on a surface of revo- 
lution (exclusive of the catenoid) is a nappe of the evolute surface of a JI-sur- 
face. The following simple result is obtained without difficulty. Take a surface 


whose principal radii are connected by the relation 
R,+2Rk,=0, 


and construct the nappe of its evolute corresponding to the radius R,.* This 
gives surface with the element (30). + 
$6. Conformal representation. 

Having investigated all cases where a surface is capable of representation 
upon a plane so that the geodesics correspond to parabolas, we now determine 
those cases where the representation is conformal. 

For this purpose, we recall that the most general conformal representation of 
any surface on a plane is obtained by putting ¢/s* into the isothermal form (28) 
and setting # =u, =v. The plane curves corresponding to the geodesics 


are then defined by an equation of the form 
(35) y=—Ly +Ly —Ly +L. 


Comparing this with (1), we may state the useful 
LEMMA. In order that a system of plan curves shall correspond by conformal 
representation to the geodesies of a surface, it is necessary and sufficient that the 


equation of the system be of the eubie form 


(1) y= Ay” + By’ + Cy + 
and that the coephicic nts satisfy the relations 
(36) A=C, B=D, A+B, =0. 


The only equations (21) which satisfy these conditions are found to be 


(37) 2ty+ y +41). 


If ¢=0, this equation reduces to y’ =0, so that the system consists of 
straight lines. The only surfaces whose geodesics can be represented confor- 
mally by straight lines are, it is known, the developable surfaces. 

* The other nappe has an element of the form ds? = v#( du? +- dv? ). 


t A more general theorem is given by Liz, Mathematische Annalen, vol. 20 (1882), p. 
389. 
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If ¢ + 0, the equation, by a translation of the x axis, may be reduced to (27). 
The corresponding surfaces are then represented by (30). Our result is there- 
fore: 

If a surface is capable of being represt nted conformally upon a plane in such 
a manner that its geodesics are pictured by parabolas y =a"? + pe + v, then 
either (case 1°) the surface is developable, and the representing curves are straight 
lines; or (case 2°) the surface belongs to the class (30) of surfaces applicable on 
the surface of revolution (384), and the representing curves are parabolas with a 


common directrix. 
$7. Groups and representations. 


We have obtained all the systems of parabolas and all the surfaces connected 
with our problem. It remains now to determine all the possible representations. 

Consider first the case of surfaces of constant curvature. The geodesics of 
such a surface, being equivalent to straight lines y” = 0, admit an eight-para- 
meter group, isomorphie to the projective group of the plane. Hence, for a 
given surface and a given system of parabolas belonging to the first type de- 
scribed at the close of $2, there are o* possible representations. The total 
number of systems of this type is, however, 2°. Therefore: 

A surface of constant curvature may be represented upon the plane so that its 
Il 


geodesics are pictured by parabolas (2) in co" ways. None of these representa- 


conformal 


tions is conformal except when the eurvature is <ero ; then there are @ 
representations. 

The corresponding diseussion for the second type of surfaces obtained (those 
of variable curvature) is not so simple. We have seen that the system of para- 
bolas may then be put into the canonical form (27). Our first step is to 
examine the group of point transformations which this equation admits. 

If the equation (27) is invariant under an infinitesimal transformation with 


the symbol 
Ct Ct 


Cv y 

the general theory of groups gives the condition * 
{n + y(n, — 2€, — 8&,y')} (L + — 2yy'{n, + — 
+ {—E +(n,, — + (20, — + 


Equating the coefficients of the various powers of y’ to zero, we find the follow- 


ing system of equations for the determination of the unknown functions £, 7: 
+ 2y'n,, — = 9, 
+ 2n, + 2y(&,, — 27,,) 


* LIE-SCHEFFERS, Differentialgleichungen, p. 363. 


0, a+y(n, — 28) + 2y*n,, = 9. 
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We shall omit the somewhat long but not particularly difficult discussion of these 
equations and simply state the solution 
(38) E = a,x + 4,2 (ys y= 2a, ry + ay. 

Hence the equation (24) admits three independent infinitesimal transforma- 


tions with the symbols 
cf cf cf cf 
The finite equations of the continuous group generated by these infinitesimal 
transformations may be found by the integration of the simultaneous system 
dx, dy, 
with the initial conditions t = 0, 7, = x, y, = y. 
When «, vanishes, it is found that 
(40) y, = ay. 
When a, does not vanish, it may be taken equal to unity, and the integrals 
after putting t = log /, take the form 


or, explicitly, 


(st —r)x + rs(t—1) t(s—rfy 
(l—t)x+s—rt v1 


Hence, equation (27), or the system of parabolas with a common directrix, admits 

the three-parameter continuous Groups Hi, repress nted by (40) and (41). The 

transformations (40) constitute a tio-parameter conformal subgroup. 


Consider now the possible representations of a surface S defined by 
ds = + dy ). 
We have already seen that, by the representation 
R: yor 
the geodesics are pictured by the system (27), 
co: =y +1. 


Since o is transformed into itself by the group H,, it follows that if R is 
combined with one of these plane transformations, the resulting representation 
will still picture the geodesics of S by the system ¢. We thus obtain oo* repre- 
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sentations RI/,, corresponding to the one system co. Of these, a double infinity, 
namely ?G,, are conformal. 

But there are oo* systems of the second type described in § 2, any one of 
which may be used instead of the system c. All these are equivalent to o with 
respect to the group G, of $3. To obtain all the systems from o it is in fact 


sufficient to employ the four-parameter subgroup 


The most general representation of S is therefore obtained by combining G, 
with the representations already found. The result may be indicated by R/1,G,, 
and involves seven arbitrary constants. This yields no new conformal representa- 
tions since G, contains no conformal transformations except identity. 

If a surface belongs to the class defined by (30) it may be represented upon the 
plane so that its geodesics are pictured by parabolas in o' ways, of which o* 
are conformal. The general representation is of the form RH,G,, while the con- 
formal is RG,. 

Let us pass now to the other surfaces belonging to the second type of § 5. 
Such a surface is geodesically equivalent to those just discussed. The geodesics 
will still admit a three-parameter group, so that there are o° 
for the one systema. From § 6, none of these will be conformal. Our result is: 

If a surface belongs to the classes defined by (81), (32), or (33), it is possible to 


represent it in co? ways upon a plane so that its geodesics are pictured by para- 


representations 


bolas. None of these representations is conformal. 


§ 8. Additional results. 

We may extend the results obtained by making use of the following 

Lemma. If an equation of cubic type (1) is an integral of an equation of the 
form 
where the coefficients are functions of #, y, then A = 0, that is, (1) reduces to 
a quadratic. 

To prove this, it is sufficient to observe that, when the values of y”, 7", ---, y 
obtained from (1) in terms of y’ are substituted in (42), the coefficient of the 


n—l 


n 


highest power of y’ is a numerical multiple of A 

In particular, if the cubic equation is of the form (35), arising in connection 
with conformal representation, it follows that L, = 0, so that L is a function of 
y alone. The corresponding linear element (28) then belongs to surfaces appli- 


cable on surfaces of revolution. 

If a surface can be represented conformally on a plane so that the curves depict- 
ing its geodesics satisfy an equation of the form (42) (of any order but linear in 
the derivatives), then its element is necessarily of the form 
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(43) ds? = f(v )( du? + dv’), 


so that the surface is applicable on a surface of revolution. 

The equation y'” = 0, which has been discussed, is of the form (42). We have 
seen ($6) that the corresponding surfaces are the developables and those with 
the element (30). We shall now show that no new surfaces arise in connection 
with any equation (42) of the third order. 

The equation of the geodesics of (43) is 


(44) y=(1+y')Y, 
where Y is a function of y, namely, 

44 
2/(y) 


By successive differentiation, we find 


where Y =2Y"+4+ Y’; 


(45) whereY,=3YY,4+Y', Y,=YY;; 


=y'(1+y' )(Yy' +Y,), where 


m4VY,+Y., 
Y,)+ Yj; ete. 
Taking the equation (42) for » = 3, and substituting the values of y' and 
we have 


+14 y)VP, + yP, + =9. 


Equating the coefficients of powers of y’, we obtain a simple set of conditions, 
with the solution 


P,=0, P=0, 


The first three values show that (42) reduces to vy” = 0: and the last shows 
that ) is either a constant or of the form (2y + c)~'. This leads, of course, 
to the surfaces considered in § 6. A 


The only case in which an equation of the third order of the form (42) can be 
sctisfied by a system of curves corresponding to the geodesics of a surface in con- 
formal representation, is the case y” = 9; the surfaces are then the de velopables 
and the class (30) deseribed in § 6. 

The examination of the equations = 0, yY = 0, leads to the 
same conclusion: no new surfaces are obtained. The same is probably true of 
all equations of the form y""=0. There are, however, equations of the fourth 
order of the form (42) which lead to new solutions. We shall discuss these on 
another occasion. 


COLUMBIA UNIVERSITY. 


THE DOUBLY PERIODIC SOLUTIONS OF POISSON’S EQUATION 
IN TWO INDEPENDENT VARIABLES* 


MAX MASON 
The only doubly periodic solution ¢ of LAPLACE’s equation 


a9 
Ou Cu 


tu, =O 

Cx? Cy’ 
is w= c, where c isa constant. For if be such a solution, and v the conju- 
gate potential to w, then « + iv would be a complex analytic function which has 
a value under a fixed finite limit for all values of 2, y. But, as is well known, 
such a function is necessarily a constant. 

It is the object of this paper to investigate, by the use of methods analogous 

to those of the potential theory, the doubly periodic solutions of Poisson’s equa- 


tion, 


(1) 


where /(#, y) is continuous and periodic in x and in y with the periods a and 
b respectively.t A “doubly periodic GrREEN’s function,” G, will be formed 
from known functions, and the desired solution of (1) found by quadrature from 


G and f. 


* Presented to the Society December 29, 1904. Received for publication November 26, 1904. 

+ A function wu will be called a solution of the differential equation within a region 2, provided 
that u satisfies the differential equation at every point within 2. This definition requires the 
existence of the second derivatives of u at every point in 2, and therefore the continuity of the 
first derivatives. By a doubly periodic solution we shall mean a doubly periodic function which 
is a solution of the equation in the period rectangle, and therefore in the entire plane. Such a 
function, in particular, has a value less than a fixed finite number for all values of 1, y. 

tIn a recent article (Journal de Mathématiques, ser. 5, vol. 10 (1904), p. 445) I 
have considered by a different method the existence of periodic solutions of the equation 


cu 
: 


where 7 is a parameter. 
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$1. A doubly periodic Green's function and its law of reciprocity. 
Let Jt denote the real part of the term before which it is written, and con- 


sider the function 


where o (z) is the Sigma function of Werrerstrass, formed with the periods 
a,ib; and &, y are two points in the interior of the period rectangle 2 bounded 
by the lines x=0,y=a,x=0,y=6. This function is a solution of 
Laplace’s equation within 2, except at the points (£, 7) and (a, 8), and has 
the form 


1 1 
(a — + (y—n)/ 


where g is a solution of LapLace’s equation throughout 2. 
Since for any integers m, n, the function o obeys the law 


(z+ ma + 
where 7, , 7, are certain complex constants, * we have 


(2 + ma + inb >) log mR2n,(E—7) 


log 
(z+ ma + inb—y) 


— nN 
Define a real function V by the equation 


o(z—6) 
Vir,y,&,n, 4%, 8)=MRlog +— 2n,(E — 7). 
a(z—y) a b 


Since the last two terms are linear in » and y, V has the form 
1 1 
Vix,y, 1,8) = log _— log = 


+ S( n, 4, B), 


where S is a known solution of 


within 2. Furthermore V is doubly periodic in x, y with the periods a, b, 
since from (2) the equation results : 


*See e. g., BURKHARDT, Elliptische Functionen, p. 53. 


C&S 
Ox? 0 
a oy” 
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a(z+ma + inb—¢) 


V (x2+ma,y+nb, &,n, a, 8) =X log 4 et 9) 


y+nb 


a b 


R27, (o— 7) 


£ 


= Via, Ys a, B)*. 


We shall call the function 


G (x, Ys a, B)=V(x,y,&, a, B)— S(a, 4,8) 


This function has 


the doubly periodic Green's function for the periods a, b. 


the following characteristics : 
1°. Except at (&, 7) and (a, 8), G@ is, within 2, a solution of the equation 


2°. G has the form 


1 


G=1 


where #2 is a known function, which, with respect to the variables x, y, is a 
solution of LAPLACE’s equation within 2, and which satisfies for all values of 


E, 7 in ©, the equation 
Ra, 8,&,n,a,B)=9. 


3°. G is doubly periodic in x, y with the periods a, b. 


The functions G and R obey the following laws of reciprocity : 


1 
G(x,y,&,, 2, 8) + log G &.9,2%,9,¢,8 
1 


log. 9 29 
V(E—2)?+ (n—B) 


* In the same manner may be formed a doubly periodic function 


n 


with any number of logarithmic singularities, where S is a solution of LAPLACE’s equation in 2 


with respect tu the variables 2, y, provided that ¢, + ¢, + -+:+ta= 


if 
O(z— ) 
2G &G 
~~ =9. 
Ox" Cy 
1 
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To prove these laws apply GREEN’s theorem, 


| | (vAu — wAv \dudy ( 


where » is the outward drawn normal, to the region 2’ formed by excluding 
from the ecireles e(£&, 7), ¢(&, »'), 8) of radius about the points 
(E, 7), (&, 7), (a, B) respectively, and choose 


usm G(x, y,&,, 2,8), v= G(r, y, &,7', 4, B). 


Since w and rv are, within 2’, solutions of LApLace’s equation the double inte- 
gral over 2’ is zero. Furthermore, since « and v are doubly periodic in x, y, 
each assumes equal values at opposite points of the bounding lines of the rect- 
angle 2, while at these points the normal derivative of each assumes values 
numerically equal but opposite in sign. Therefore the line integral over the 
sides of the rectangle 2 is zero, and we have, replacing ds by rdé, 


»n, a, 8)rd@— | G(a, 9. Ny 8 )rd@ 


1 
+ | {G(a, E, Ny 8)— G(x, UE n', B } + h = 0, 
~/c(a,B 
where 
limh=0O. 


r=0 


But 
G(x, y, &, 
log log V — 


+ R(x, Y> Ns Fs B)— Rix, Ys a, B), 
and 
R(a,8,&.n,2,8)=9, 


We obtain therefore in the limit r = 0, by well known methods, 
G ( E, N's B)— a, 8) 
1 


log 9 


(a— 


or writing y for 7’, 


Ys E, My B, B) log 


(a—ayr+(y—BY 
1 


= v7, 7, 8) + log = 


Cu CW 
ds. 
ch cn 
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which is the law of reciprocity for G. If we replace G in this equation by its 


expression from 2° we have immediately, 
R(x, Ys E, Ns Fs 8) = RE, Ny Fs B). 


Thus 22 is symmetrical with respect to x, y and &, 7 and is therefore a solution 
of 

CR OR 
0 


within 2. 


$2. The doubly periodic solutions of 


(1) 
Cx cy 
Suppose a doubly periodic solution uw of equation (1) exists, for the periods 
a,b, where f is continuous and doubly periodic with the same periods. If a 
second solution of the same nature existed, the difference of the two would be a 
doubly periodic solution of LAPLACE’s equation, and therefore a constant. It 
follows that a doubly periodic solution of (1) for the periods a, b is uniquely 
determined if its value at a fixed point is given. 
Apply Green’s theorem to the period rectangle 2, choosing for « a doubly 
periodic solution of (1) and taking v=1. Since the integral over the boun- 


dary vanishes, the following equation results: 


rb b a 
| | f (2, y)dedy = 0. 


This equation is a necessary condition for the existence of a doubly periodic 
solution of (1). We shall now show that it is also sufficient. Consider the 


function 
1 a 
u(&,7)=— ax | G(x,y,&,n, a, B)f (a, y)dudy 
1 1 

1 wb a l 

+; log F(a, y)dedy 
1 

y, &,n, 2, B)dady. 

Since 


CR CR 
Cn? 


| 
cn 
| 


164 MAX MASON: SOLUTIONS OF POISSON’S EQUATION 


we see at once, from the potential theory, that u(£&, 7) is a solution of 


Cu 


Ou 
Furthermore, putting & = 2, » = 8 we have 
u(a,8)=9, 
R(x, y,%,8,4,8)= R(2, 8,2, y,%,8)=9. 


since 


From the law of reciprocity for G we have 

ma,n+nb)— G(x, y, &,, 2, B) 
1 

By 


and therefore 


= log 


u(& +ma,nt+ nb) —u(&, 


log {fr dedi 


Therefore, if 


the function w possesses the periods a, b. We have therefore proved the 
theorems : 

The necessary and sufficient condition for the existence of a doubly periodic 
solution (periods a, b) of the equation 


Cou 


oy 


where f is a continuous doubly periodic function with the periods a, b, is that 


| fle, y) dxdy = 


If this condition is satisfied, then the doubly periodic solution of (1). with 
periods a,b, which assumes the value C at x=a,y=8 is uniquely deter- 


S satisfy the equation 


mined, and is given by the formula: 


irr 
u(é,n)=— f G(a,y,&,n. 4,8) y)dudy + C, 


where G is a known function, expressible in terms of Sigma functions. 
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DEFINITION IN TERMS OF ORDER ALONE IN THE LINEAR 
CONTINUUM AND IN WELL-ORDERED SETS* 


BY 


OSWALD VEBLEN 


First definition of the continuum. 


A linear continuum is a set of elements { P } which we may call points, sub- 
ject to a relation < which we may read precedes, governed by the following 
conditions, A to 


A. GENERAL POSTULATES OF ORDER. 


{ P} contains at least two elements. 
If P, and P, are distinct elements of {P} then either P,< P, or 
Pt 
3. If P, < P, then P, is distinct from P,.+ 
4. If P, < P,and P, < P,, then P, < P,.t 


2. 


B. Depektxp PosTULATE OF CLOSURE. 


If { P-} consists entirely of two infinite subsets, [ P’] and [ P”] such that 
P’ then there is either a of [P’] such that P’ < whenever 
P’ + P, ora of such that < whenever + 


PsEUDO-ARCHIMEDEAN POSTULATE. 


1. Tf { P} is an infinite set then there exists a subset [ P,], such that 
P,< P,.,(v=1, 2,3, ---) and if P is any element of {P} for which 
P, < P, then there exists a v such that P < P,. 


* Presented to the Society December 30, 1904, uuder the title, Non-Metrical Definition of the 
Linear Continuum. Received for publication January 26, 1905. 

+ The propositions A, and A, say that < is ‘‘non-reflexive’’ and ‘‘transitive.’’ It follows 
immediately that it is ‘‘non-symmetric,’”’ for if P,< P, and P, < P, could occur simultaneously, 
4 would lead to P; < P,, contrary to 3. 

t Usually called a postulate of continuity; but a set would hardly be called continuous unless 
it also satisfied condition D. 
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P) < Pi(v=1,2,3,---) and if P is any element of {P} for which 


P <P, then there exists a v such that P) < P. 


2. If { P} is an infinite set then there exists a subset [P)], such that 


D. POSTULATE OF DENSITY. 


If P, and P, are any two elements of { P} such that P, < P, then there 
exists an element P, of { P} such that P, < P, and P, < P,. 

Definition. An element P, such that P, < P,< P, is said to lie betiween 
P,and P,. If P, and P, have an element between them the set of all such ele- 
ments is called the segment P,P,. Thus the segment P,P, does not contain 
either P, or P, which are called its end-points. A segment plus its end-points 
is called an interval. One segment is said to contain another if it contains all 


its elements. 
E. POSTULATE OF UNIFORMITY. 


For every element P of a set | P'. which satisfies conditions A, B, C, D, 
and for every v(v=1, 2, 38, ---) there exists a segment * o,, such that the set 
of seyments [o,p]| has the following properties + : 

1. For a fired P, contains 

2. For a fired P, P lies on every o,, and is the only such element. 

8. For every segment 7, there exists a v, v,, such that for no P does o, p 


contain T. 


Relations of the ubove to other definitions. 


Of the above postulates or items of the definition, those grouped under the 
heading A constitute the usual definition of order which probably received its 
first explicit formulation in the hands of G. Cantor. They can easily be shown 
equivalent to the postulates given by other writers ¢ in terms of the relations of 
** precedence ” or “ betweenness”’ or “ separation.” The proof of this equiva- 
lence and the deduction of the elementary theorems of order are here omitted 
since they are covered fairly well by the literature cited in the footnote above. 

From conditions A and B follow the theorems that every bounded set has a 


* The notation c, > indicates that c,, isa function both of v and of P. 

+ A metrical special case of a set [¢,p] is obtained by letting o,p be a segment of length 1/v 
whose middle point is P. It is evident that as v increases the segment ©, closes down on the 
points P in the uniform manner described in number 3 above. The theorem of uniform con- 
tinuity involves consideration of a set like [o,p]. 

} Cf. footnote on page &8 of this volume ; and also E. V. HUNTINGTON, A set of postulates for 
real algebra, comprising postulates for a one-dimensional continuum and for the theory of groups, pages 
17-41 of this volume. 
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least upper and greatest lower bound, * that every infinite bounded set has at 
least one limiting element, and also the important. 

Heine-Boret Tuoeorem. Jf every element of an interval P, P, belongs to at 
least one segment o of a set of segments [a], then there exists a finite subset 
of [7 %. +++, such that every element of P, P, belongs to at least one 
of the segments o,,¢,,---,¢,. This theorem, as well as a generalization of 
it, is proved in the Bulletin of this society, vol. 10, p. 436, by a method 
which applies to our hypotheses. We may note in passing, what seems to be a 
new result, that, since conditions A and B are satisfied by any well-ordered set in 
the sense of Cantor, the Heine-Borel theorem is a true theorem of any well- 
ordered set. 

Conditions A and B are sufficient for a large portion of the theory of functions 
of a real variable. Condition J provides that every element of { P | shall be 
a limiting element. The three conditions A, B, D are common to all current 
definitions of the continuum in so far as they involve the notion of order. 

At this point there have been three essentially different modes of advance. 
The first, which we may call analytical, introduces a symbol for the combining 
of any two elements to produce a third, i. e., regards the elements as numbers.+ 
The second, a geometrical method, brings in the notion of congruence of seg- 
ments. Either of these schemes provides a relation between segments at differ- 
ent positions in the continuum, thus affording a basis for theorems of uniformity, 
e. g., uniform continuity. The third method, that of G. Cantor, provides for 
this uniformity by postulating the presence of an everywhere dense subset 
ordinally similar to the ordinary rational numbers. CanrTor’s definition ¢ is 
equivalent to A, B, D,a condition that the continuum shall have two end- 
points, and the following : 

{ contains a subset P 


) J 


of cardinal §&, (i. e., an enumerable subset) 


such that between every two elements of { P }, there is an element of { P}. 
CantTor’s definition is simpler than the other two in that relations of con- 
gruence or operations of addition and multiplication do not appear among his 
undefined symbols. On the other hand he introduces the notion of infinite 
cardinal number. The definitions furnished by our conditions A, B, C, D, £ 
are stated entirely in terms of the relation < and the general logical symbols that 
appear in every mathematical discussion. While the language in which our 


* An upper bound of a set [2] is an element, B, such that r< B for every +B. A least 
upper bound is an upper bound B, such that if B is any other upper bound of [rz], B,< B. A 
limiting element of a set [x] isan element A such that every segment which contains A contains 
an element of [x] different from A. 

+ Cf. E. V. HUNTINGTON, loc. cit. 

tG. CANTOR, Zur Begriindung der transfiniten Mengenlehre, I, Mathematische Annalen, 
vol. 46 (1895), p. 510. 
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condition / is stated may be a little more complicated than that used in the 
other definitions, it is often more convenient of application.* 

CanTOR has proved, loc. cit., p. 510, that any two sets satisfying his conditions 
are in a one-to-one correspondence preserving order relations, i. e., that his 
definition is eategorical.t Therefore, to show the same for our definition, we 
need only to show that F’ is a consequence of our postulates. Among other re- 
sults of this theorem it may be remarked that, since a continuum according to 
our definition is in one-to-one reciprocal correspondence with the continuum de- 
fined by the usual scheme of deriving irrational numbers from rationals, we have 
(by mediation of the correspondence) a definition of addition and multiplication 
in terms of the relation <.f 


Proof of condition F. 

Let 7, P; be any interval of the continuum and let [o/,,] be that subset of 
the set [o,,,] referred to in postulate E for which the subseript point P lies on 
the interval /), P|. The subset of [¢/,,] obtained by fixing a value of v, is an 
infinite set such that every point P of P, P| lies on one segment co}. By the 
HEINE-BoreEL theorem, there is a finite subset of this infinite set having the 
same property. The end-points of the segments of this set are a finite set of 


, 


points 


P! Pi... Pav, 


The set of all such points [ P's ], v= 1, 2,---, is evidently enumerable and by 
the third item in condition /’, has a point between any two points of the inter- 
val P, 

Consider now the sets of points [P, ] and [/?;] of postulate C. There evi- 
dently exists an integer x such that 


* Compare, for example, Theory of plane curves in non-metrical analysis situs, these Transac- 
tions, vol. 6 (1905), p. 83. e 

t The word ‘‘categorical’’ implies that between any two classes { P! and { Q} satisfying the 
conditions named, there is a one-to-one correspondence such that if P,< P, then for the cor- 
responding elements of | Q)}, Q,<Q.. It therefore also implies that any proposition stated in 
terms of the relation < either is true for all classes satisfying our conditions or is false for all 
such classes. Cf. vol. 5, p. 346 of these Transactions and also some remarks of E. V. Hunt- 
INGTON in his paper on Complex Algebra in the present number. 

{ An interesting situation is obtained by introducing a postulate of uniformity among the 
hypotheses of plane analysis situs (cf. p. 84 of this volume). If the postulate is applied to the 
straight line, the line is necessarily a continuum but it is not obvious that other curves are. If 
it is applied to the plane, the segments ¢,p in this case being triangular regions, all continuous 
curves are continua, but it is not obvious that there is a one-to-one reciprocal correspondence 
between the plane and a set of number-pairs. There seems thus to be possible a still more gen- 
eral formulation of the RIEMANN-HELMHOLZ-LIE problem of the foundations of geometry than 
that obtained by HILBERT. 


1905] THE LINEAR CONTINUUM AND IN WELL-ORDERED SETS 169 


The enumerable set of intervals P’,, P,.,, 4 = 1, 2, ---, is evidently such that 
for any point P, there is a value of & such that P hes on P’., P,,,.. On each 


of these segments there is, by the paragraph above, an enumerable everywhere 


dense set of points. The points of the enumerable set, so obtained, of enumer- 
able everywhere dense sets of points constitute an enumerable and everywhere 
dense set as required by the conclusion of F’. 


Independence of the postulates. 


The independence of the items of conditions A is proved by the examples, 
A,, A,, A,, A, given on pages 89-90 of this volume of the Transactions. 
The independence of condition B is proved by example 7, and of condition D 
by example B, on the same page. 

To prove the independence of condition C,, we observe that a well-ordered 
set of type} © (the set of all well-ordered sets of cardinal number &,) does not 
satisfy condition C. For if a sequence such as [ ?, ] should exist the set of all 
elements preceding each P,, would be enumerable and hence 2 itself would be 
enumerable, contrary to CANTOR’S theorem. If each element of this set and its 
next following element are connected by a set similar to the continuum of real 
numbers greater than zero and less than one, the resulting set satisfies conditions 
A, B, D, FE (E vacuously), but not C,. The independence of C, is proved by 
employing *© instead of 2 as above. 

To prove the independence of /’, consider the set of all pairs of real numbers 
0, 0SyS1, the relation < being defined so that 


(7, y,)< (*,y,) when + a, if 
4,) < (#,y,) when = x, if y,;<y,- 


That A, C, D are satisfied is evident; B is also seen easily if the DEDEKIND 
postulate is applied first to the variable x and then to y. If F were satisfied, 
F’, which is a consequence of it, would also be satisfied; but an everywhere 
dense subset would have to include a point for every value of #, whereas [ 2 | is 
not enumerable. 


Postulates for well-ordered sets. 


A set of independent postulates defining the general notion, well-ordered set, 
is obtained by taking together, with conditions A and #, the following: 

W,. The set { P} contains an element P, such that fur no element P’ docs 

P,, is called the first element. 


See CANToR, loc. cit., p. 207. 


© 
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W,. If P, is any element of { P} for which there are elements P’, P, <P’, 
‘ P| contains an element P,, such that P, < P, and such that for no element 


P” do there exist both of the relations, 


P, <P’ and < P,, 


P, is called the element next following P,, and P, the element next pre- 


ceding P,. 

There is no difficulty in seeing that conditions W,, W,, and B are equivalent 
to the conditions of CAnTOoR’s definition of a well-ordered set.* Cantor defines 
particular classes of well-ordered sets by means of their cardinal numbers. This 
‘an also be done purely ordinally. For example, a finite set is one which satis- 
fies conditions A, B, W,, W,, together with W, and W,. 

W,. Every element of | P} except P, his a next preceding element. 

W,. The set | P} contains an element P such that for no element P' does 
Pak. 

P is called a ast element. 

A set of type @ is determined by conditions A, B, W,, W,, W,, together 
with IW, which is the negative of J,. 

If P is any element of { contains an element P’ such that 

A set of the type associated with the number-class Z(§,), i. e., the type of 
set which Cantor defines by prescribing the cardinal &, is given by conditions 
A, B, W,, W,, together with W,,, and W’,: 

W,. Every element of ‘ P. except P, has a next preceding element or is 
the least upper bound of a subset of type @ (as just defined ). 

W,,. {P) either contains a last element or a subset | P,} of type @ such 
that for every P, there evists a vp, for which P < P, = 

The proof may readily be given that a set satisfying these conditions is 
enumerable. To define the type 2 we take A, B, W,, W,, W,, together 
with J, which is the exact negative of W,,, i.e., with “neither” substituted 
for “ either” and “nor” for “or.” To define the type of sets associated with 
the number-class Z(&,), we take A, B, W,, W, together with W,,, and JW,,. 

W.,. Every element of | P\ except P, has a next preceding element or is 
the least upper hound of a subset of type @ or a. 

W,.. { P* either contains a last element or a subset [Q] of type @ or 2 
such that for every P there exists a Q, for which P <Qp. 

This scheme of definition is evidently adequate to determine any class of well- 


ordered sets. 


CANTOR, Beitriéige zur Begriindung der transfiniten Mengenlehre, Mathematische An- 
nalen, vol. 49 (1898), p. 207. 
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Modification of the definition of the continuum. 


By the following analysis, the postulate of uniformity can be made formally a 
little weaker. Adopting the language of Cantor, let us denote by the words 
fundamental sequence a subset of { P} of type o—that is, a subset { P,}, 
«=1,2,38,---, where P,< P,,,. Any element which is the least upper 
bound of a fundamental sequence is a principal element. Postulate / may now 
be replaced by the following two, #’’ and FE”. 

E’. Let | P’] be the set of all principal elements of { P} 3 if any such 
exist, there exists a set of sets of points [ { P,} »] such that: 

1. If P’ is any point of [P’ ], the set { P, |p has P’ as least upper bound 
and is such that P, < P,.,- 

2. If P’ and (P" < are any two points of [P’ ], there is a value 

of v such that for no point P’ do there exist the relations 


v1 


belongs to the set | » 

Every element of | is a principal element. 

The proof that condition /’ is a consequence of A, B, C, D, £ needs to be 
modified when is replaced by and By £”, the set [P’] of EF’ is 
identical with {P}. For a fixed value of v, the segments ?, P = o,,, where 
P, belongs to the set | P|», constitute a set to each segment of which, every 
point of { P) is either an interior or an end point. 

Fixing attention on a particular interval P, P; of the continuum, for a fixed 
value of v its points fall into two classes, those which are interior points of seg- 
meuts o,, (for P on P, P;) and those which are end points of such segments 
without being interior to any. Call this latter set [ P’]. 

Defining the relation > so that P, > P, if and only if P, < P,, we easily 
see that with respect to the sense > , [Pr] is a well ordered set of which J’; is 
the first element. But in view of condition 2” it satisfies conditions W,, and 
Was wellas A, B, W,, W,. [P-] is therefore enumerable, and its points 
are the upper end points in the sense < of an enumerable set of intervals which 
invlude all points of P, P; as interior or end points. By applying the HEINe- 
Bore theorem to these intervals separately, we obtain, instead of a finite set as 


when using condition /, a numerably infinite set 
>1 22 
P', P?,... 


The set v= 1, 2, 3--- is enumerable and everywhere dense on P, 


and the rest of the argument proceeds as in the former case. 


| 
| 
| 
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ON THE STRUCTURE OF HYPERCOMPLEX NUMBER SYSTEMS* 


BY 
SAUL EPSTEEN anp J. H. MACLAGAN-WEDDERBURN + 


In this paper theorems regarding linear associative algebras are enunciated 
which are analogous to the JorpaN-H6LDER theorems concerning the quotient 
groups and indices of composition in the theory of finite groups (ef. BURNSIDE, 
Theory of Groups, chapter 7); and of the corresponding VeEsstoTt-ENGEL 


theorems in the theory of continuous groups (Annales de 1’ Ecole Normale 


Supériéure, vol. 9 (1892), p. 203; Liz-EnGeL, Transformationsgruppen, 
vol. 3, pp. T04, 765). 

The methods used throughout are rational and hence the results apply to 
hypercomplex number systems in which the coefficients are restricted to be 


marks of a given field, finite or infinite. 


$1. 
We consider the linear associative algebra 


(1) 
where 


2 
ty 


From the associativity property (¢, ¢,,)e,, = ¢,,(¢,,¢;,) and the linear indepen- 
dence of the units are deduced the relations 
(3) (Visisis Virisis Vici, ) = 9 toy tyy 1,---,m). 
ty 

Addition of complexes. If N,,---, X,, are any m independent numbers of 
the system /’, all numbers linearly dependent on the -Y,,---,X,, and only 
on these numbers are said to form a complex of order m. We may write 
= X,---X,. If, similarly, -.--',, the complex formed of all 
members linearly dependent on ,---, called the sum of £, 


m 


and £’,. The order of £, + £, is not greater than the sum of the orders of E, 


m+1 


and but may be less; thus if 
the sum /, + £, is of order m’. According to this convention, # + 4, = F, 

* Presented to the Society (Chicago) December 29, 1904. Received for publication January 
14, 1905. 

t Carnegie Research Scholar (Scotland). 


Bae 
172 


ON THE STRUCTURE OF HYPERCOMPLEX NUMBER SYSTEMS 


Multiplication of complexes.* When £, and EF, are defined as above, the 
product ZF, is defined as the complex of all numbers linearly dependent on 
X, xX’ (p=1,---,m;q=1,---,m’). Itiseasily shown from the definition of 
multiplication of complexes that the process is associative. Thus if we consider 
the system 


and let =e,, =e,, then F,=e,e,=e,. It can easily be seen that if 
the main system / contains a modulus (say e, ) then (= = £; for, the 
modulus (unit) e, multiplied by e, ---¢, on the right gives ¢, ---e, and therefore 
E* contains all the units of #. If 4 does not contain a modulus it may hap- 
pen that in 2? some of the units e,, ---, ¢, do not appear and therefore H? = F. 


The condition that / be a system, closed under multiplication, is #* = /. 
Semireducibility. The algebra / is said to be semireducible+ when by a 

proper choice of units the following conditions are fulfilled : 

(4) 

(9) 


the general number of /’ being 


for every Y, ,.Y, 


Xu X+,X'= 


It follows at once that the complex /,=e,,,---¢, is closed under multiplica- 


tion. The conditions (4) and (5) may be written 
(4’) E,, 
(5’) = £,, 


and, therefore, of course, #,= = Under these conditions the sub- 


algebra LZ, is said to be invariant in /’.$ 


TueoremM. JL, cannot contain the modulus of E among its numbers. For, 
from (4) and (5) it is impossible that any number ,/ of /, shall have the prop- 
erty that = Y-,/ = X for every number YX of 


Accompanying system,§ complementary system. If 


* FROBENIUS, Berliner Sitzungsberichte, 1895, p. 164. 

+ Transactions, vol. 4 (1903), p. 440. 

t+ CARTAN, Annales de Toulouse, vol. 12 (1898). 

§ MOLIEN’s Begleitendes System, Mathematische Annalen, vol. 41 (1893), p. 93. 
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we may write, in well known notation, = £\(mod £,), = £,(mod £,); 
similarly, if =, +,X, where X belongs to ,X to ,X to E£,, 
we may write Y= ,X(mod £,) or X=,X(mod £,). Regarding as equal * 
any two numbers of # which are equal, modulo £,, we get, when L, is 
an invariant subsystem, a hypercomplex number system A’ which is said to 
accompany E and to be complementary to the invariant subsystem E’, with 
respect to EF. It is evidently sufficient to show that the system so defined 
is associative. If V,, ,.,, ,X, are three numbers of £, and if 
then 


if 


Similarly 


Now by the associative law and the linear independence of the units we have 


and therefore 


= (mod E,). 


The above may also be deduced from a consideration of the ¥,,,.,.’s. Using 
(3) it is seen that 


i 1 
Now if 


=E,, 
or, 


xX’. 


that is to say, if every y,,= 9 and every y,,,= 09, we may write (3) in the 


form 


By EF, is meant the common complex of and Thus if in (1), 


-e.-+-e,then £,-£,=0 


me,---e_---e, 


1 m r 


states that “, and /, have no numbers in common. 


* FROBENIUS, I. p. 634. 

t According to MOLIEN, loc. cit., p. 92, it is necessary that EE, < E,, F,E=E,. Evidently, 
from the text, we can have an accompanying system with the milder conditions E, Z, = £,, 
E, E <= £,. 

It may be remarked at this point that the ),; are the structure constants of K. 


| 
js=l 
2. 
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Reducibility. According to Pemrce* an algebra F is said to be mixed 
(or reducible) if new units can be introduced such that FE = £, + £,, where 

THEOREM I. Jf £, is a maximal invariant subalgebra of E and if there 
exists a second invariant subalgebra E, of E, then either E is reducible or 
else E, is a subalgebra E,. 

Since /, and are invariant we have (a) FE, = £,, (6) 
|, (d) E=E£E;. Wehavenowthat /,+ £; is aninvariant subalgebra 
of for £,,(4£,4+ £, and since is 
is maximal by hypothesis + orelse 4+ Fi =F 
the algebra is easily seen to be reducible. First, E? = E, by (a), EF” = FE, by 
(c), = £, by (6) and £, = by (c) and therefore = £,. 
Similarly by (6) and (d), #,£,=£,-—<£,. In the second case, where 
E,+ £, = £,, it is evident that Z; is a subalgebra of £,. 

THeoreM II. Jf E, and are maximal invariant subalgebras of EF, 
and if BE, ~ E\=F +0, then F is a maximal invariant subalgebra of both E, 
and E’. 

By theorem I, £, + 


( E, 
=0). 
Evidently then F’. Because the products FE,, F, 
FE, must be contained in Z, and in £; it follows that 
F=F, FE, =F, F= F, FE, = F, 
and therefore that /’ is invariant in both £, and £7. 


Suppose now that /’ is not maximal in £, and let G + /’'(where G— /'= 0) 
be a maximal invariant subsystem of £,, i. e., 


E(G+F)=G+F, (G+ F. 
Consider the complex G + Clearly = 0 and 
GE, =F, F, 
since the products must both lie in /, and #. Therefore, since 
EG=G+F, EE =F, ’G=F, Ev’=E'. 
we have 
£,)(G4+ 

It is shown in a similar manner that (G + #;)H=G+£,. Thus, if F is 

not a maximal invariant subalgebra of /,, Z, will not be a maximal invariant 


*American Journal, vol. 4 (1881), p. 100. 
In SCHEFFERS’s definition, Mathematische Annalen, vol. 39 (1891), p. 317, 
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subalgebra of (since G + has been proved invariant and G~ = 0), 
which is contrary to the hypothesis. It is shown in exactly the same way that 
F is maximal in 

III. Let E,, --- be a normal series of subalgebras of 
(i. e, is a maximal invariant subalgebra of E,= and let 
K,, A,, «++ be a series of complementary algebras, such that K, accompanies 
K, 4,, «++ is, apart from the order, independent of the choice of the series 
BE, +--+. In other words, if FE, is any other normal 


series, the complementary series of algebras K'\, K’), --+ which it defines is the 


and is complementary to E.. Under these assumptions the series 


same us the series Kh, A, ---, apart from the sequence. 
According to the demonstration of theorem 1, we have (if Z, + |) 


(6) EF=£,+E£,. 

Let - = F,, then 

(7) (F,-D,=0), 
F,+ D, (F, -Di=0), 

and it is evident that 


(8) E=F,+D,+D*\. 


By theorem 2, /’, is a maximal invariant subalgebra of Z, and FZ’. 

If F,, F,, F, is a normal series of then £,, F,, «++ and 
E, E\, F,, F,, --- are two new normal series of ’.. We will now have to prove 
that the proposition is true for these two series. For this purpose it is merely 
necessary to prove that the complementary algebras defined by Z, F,, F, and 
F, are the same. If 


then 


Now the complementary algebra of /’, = Ff’, + D, with respect to F’ is defined 


by the (x — ¢)’ characteristic constants ¥,, where 


(9) — = 0 (p=t+1,t+2,---,m). 


p 


Furthermore, the complementary algebra of F’, with respect to ,(Z, = F, + D,) 


is defined by the d} characteristic constants Vorqen, Where 


il 
E, = 
EK = 
D, = Di 
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Now it is seen in the same manner that the complementary algebra of £ | 
with respect to / is defined by (10) and the complementary algebra of F’, with 
repect to #’; is defined by (9), and therefore the normal complementary series 
defined by /, Z,, F, is identical, apart from the sequence, with the normal 


complementary series defined by Z, F,. 


It is now necessary to show that the normal series /, 

F, --- define the same complementary series, and similarly for 

---, HB, FE, F,, F,,---. This amounts to proving the theorem for the algebras 


FE, and £’, which involves a finite number of repetitions of the above proof. 


Let £,,--- be a normal series of let a, be the order (number of 
units) of #7, and let 7, be the difference between a,_, and the maximal order of 
a subalgebra * of which contains 2, = 

THeorEM IV. The numbers /,,1,,---, apart from their sequence, are inde- 
pendent of the choice of the normal series. 

This theorem is an immediate consequence of theorem 3, the integer /, being 
regarded as the difference between the order of the complementary algebra 
A, of F, with respect to #,_, and the order of a maximal subalgebra of 
K.(s=1,2,---). 


Similarly it follows also that the series of integers k, = a, 


— a, is indepen- 
8 


dent of the choice of the normal series. 


Simple algebras. An algebra which contains no invariant subalgebra is said 
to be simple. 


THEoREM V. The complementary algebras K,, K,, --- defined by the normal 
series E,--- are all simple.t 
In order to prove this, consider the algebra A = B + A,(where B~ A, = 0) 


wherein A, is a maximal invariant subalgebra, and let A’ be the complementary 
system of A, with respect to A. Suppose now that A’ has an invariant sub- 
algebra A = + K, (where A’ ~ =0). This says that 

(11) KA, =4,, K=K,. 


From the correspondence between A’ and Bf it is seen that we can write 


B= B + B, (where B’ ~ B, = 0) where, by means of (11), 

(12) BB, = B,+A,, B,B=B,+ A,. 

Consider now the complex B,+ A,. We have, since A, is invariant in A, 
and by means of (12), 


*j. e., the order of the subalgebra containing the largest number of independent units. 
t This theorem is implicitly contained in MOLIEN’s paper, loc. cit., p. 96. 
t The yj of K are obtained by writing every }j — 0 in the yj; of B. 
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A(B,+ A,)=(B+4A,)(B, + A,) = B, + A,; 
and similarly 


Thus B, + A, is an invariant subalgebra of A and since B,-~ A, = 0, it fol- 


lows that B, + A, > A, which is impossible since A, is maximal by hypothe: is. 
Therefore A’ is simple. 


The chief series of an algebra. The series F, P,, P,, --- is said to be a 
chief or principal series (chief composition series) when P, is a maximal sub- 
algebra of P_, which is invariant in #(P,=). For the chief series it is 
shown in exactly the same manner as for the normal series that the system of 
complementary algebras C,, C,, C,, +++ is invariant, apart from the sequence 
(C,, being complementary to P, with respect to P_,). 

We can now define a series of chief indices of composition analogous to the 
indices of composition above, and show that for a given algebra ZF, the system 
of chief indices of composition is independent of the choice of the chief serics, 
apart from the sequence. 

THE UNIVERSITY OF CHICAGO, 

December, 19014. 
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ON A DEFINITION OF ABSTRACT GROUPS* 


BY 
ELIAKIM HASTINGS MOORE 


In a paper entitled A definition of abstract groups (Transactions, vol. 3, 
pp. 485-492, October, 1902), my second definition (1. «, p. 490) 
(M”) =(1, 2,3’, 3”, 3”, 47) 
involves postulates not mutually independent. I shall prove here (as stated in 


October, 1904, Transactions, vol. 5, p. 549) that (3”) is redundant, that in 
the new definition 


(Mf): (1, 2, 8”, 8”, 4”) 


the postulates are mutually independent, and that this mutual independence 


remains even for the system 
): (1,3, 4,, 4) 


defining an abelian group, obtained by adding to those of (.1/”) the postulate (A ) 
that the multiplication or composition of two elements is commutative. 

We have for consideration a set ¢ or class ( A’ ) of elements and a multiplica- 
tion-table or rule of combination (0) whereby to every two elements a, } taken in 
the definite order a, ) there corresponds a definite so-called product, in notation 
«ob, or, when without confusion, more simply, ab; this product may or may 
not be an element of the class. The postulates in question are then the following: 

(1) Ifa and + are elements, then ab is an element of the class. 
(A) If «a and + are elements such that ab and ba are elements, then 
ab = ba. 
(2) Ifa, b, ¢ are elements such that ab, be, (ab)c, a( bc) are elements, 
then (ab)e =a(be). 
(3”) There exists an element a such that aa = a. 
(37) If a and b are elements and aa = a, then ab = b. 
(3”) If a and 4 are elements and aa = a, then ba=b. 
(4°) If a and b are elements and aa = a, then there exists an element 
such that b)°b =a. 
* Presented to the Society December 30, 1904. Received for publication March 17, 1905. 
t In the first definition (J/) there was the underlying understanding (1. c., p. 485, footnote = ) 


or postulate (0) that the class contain at least one element, and this carried over by implication 
to (.M’’), where however in view of (3’’ ) it was not needed ; it is now omitted. 
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If a is an element such that aa = a we designate those parts of (37), (37), 
(4) which refer to the element « by ( 37"), (37"), (47) respectively. Then we 
prove that (3”) is deducible from (1, 2, 3”, 37, 4/) in that we prove that (3°) 
is deducible from (1, 2, 37°, 47"). This fact is proved by a suitable modifica- 
tion of the method used p. 486, T° loc. cit. If aand bare elements and aa = a, 
then we designate by b’, b” elements, which by (47) surely exist, such that 
=a, b’b' =a and have in virtue of (1, 2, 37") the continued equality, 


ba = bb'b = abb'b = b’b'bb'b = b’ab’b = b'b'b = ab =, 


that is, ba =, which was to be proved. * 

The proof that the postulates of (1/7) are independent covers the indepen- 
dence of the postulates of (J/”) and appears from the following proof systems 
(A, 0): 

For (1). A’ = all integers 0, +1, +2,---exceptp+1. o=+4. 

For (2). A =an element «@ and any class of (at least three) elements 
distinct from wOa=a. =a if + 2,; 


Ov, =a, where, for every »,, x, is any x except 


For (3"). A’ = all positive integers. o = +. 
For (37). A’ =a class of (at least two) elements x. x, 0x, =a, where a 


is a definite element, the same for all pairs 2,, ~,. 
For (4°). A’ = all positive integers and 0. o=+. 
For (A). (A, 0) =any non-abelian group. 
THE UNIVERSITY OF CHICAGO. 
*[A second continued equality 
ba = aba = b'U'ba = baa = = = ab =b 


should be noticed. } 
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NOTE ON THE DEFINITIONS OF ABSTRACT GROUPS AND 
FIELDS BY SETS OF INDEPENDENT POSTULATES* 


BY 
EDWARD V. HUNTINGTON 


CONTENTS. 


Introduction, with bibliography 

§1. A definition of groups and abelian groups.............cccceseeeeeeenees 185 
§3. Proof of the independence of the postulates in §§ 1-2.............. 188 
§ 4. A shorter definition of a field 

§$ 5-6. Definitions of groups in terms of a triadic relation R 

§7. Proofs of theorems in the preceding sections....................eeeeeees 


Introduction. 


The theory of groups } was first studied in connection with the algebraic solu- 
tion of equations, the leaders in the early development being LAGRANGE (1770), 
Rourrini (1799), Caucuy (1814), ABE (1824), and especially Gators (1831). 
The first discussion of the theory from an abstract point of view was by CaYLEy t 
in 1854, and the earliest explicit sets of postulates for abstract groups were 


* Presented to the Society, under a slightly different title, December 30, 1904. Received for 
publication February 9, 1905. 


¢ The most recent bibliography is given by B. S. Easton, The constructive development of group- 
theory, Philadelphia, 1902 ; and the most recent text-book is the F/éments de la théorie des groupes 
abstraits, by J. A. DE SEGUIER, Paris, 1904. 

Cf. also G. A. MILLER’s two reports on recent progress in group-theory, Bulletin of the 
American Mathematical Society, vol. 5 (1898-1899), pp. 227-251, and vol. 7 (1900- 
1901), pp. 121-130. 

tA. CayLey, Philosophical Magazine, vol. 7 (1854), p. 40; see also Proceedings 
of the London Mathematical Society, vol. 9 (1878), p. 126, or American Journal 
of Mathematics, vol. 1 (1878), p.51. [Collected Papers, vol. 2, p. 123; vol. 10, p. 324, or 
p- 401.] Cf. W. Dyck, Mathematische Annalen, vol. 20 (1882), p. 1. 
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given by Kronecker * in 1870 and WeBerj in 1882. Weser’s definition, as 
finally formulated, ¢ is substantially as follows : 

A. There is a rule of combination among the elements of the given set, such 
that every two elements, « and 6, determine uniquely a third element c, called 
the result of the composition ; in symbols: ab = c. 

B. The associative law holds throughout the set ; that is, (ab)c = a(bc). 

C. 1) If ab = ab’, then b=)’. 

2) If ab=a'b, thena=a'. 
D. 1) Given a and ¢, there is an element } such that ab = c. 
2) Given 6 and c, there is an element a such that ab = c. 

E. In the case of abelian groups, the commutative law also holds; that is 
ab = ba. 

WEBER notes that if the group is finite, D is a consequence of A, B, and C. 

This definition was somewhat simplified by BuRNsIDES in 1897, and, more 
explicitly, by Professor Prerpont || in 1900. Prerpront replaced conditions 
C and D by the following: . 

C’. There exists a unique element 1, called the identity, such that al = la=a 
for every element a. 

D’. For every element a there exists an element a~', called the inverse of a, 
such that aa~' = = 1. 

The equivalence of the two definitions is readily established. PierRPont’s 
definition, like most of the earlier definitions, was stated only for the case of 
finite groups; but essentially the same definition had been used for groups in 
general by Professor Moore in lectures§] in 1897. 

The earliest discussion of the independence of the postulates for abstract 
groups was, as far as I know, that contained in a paper of my own ** in 1902. 
I noticed in the first place that WEBER’s postulate C’ was deducible from his A, 
B,and D,++ and further, that by a peculiar wording of the associative law, 

*L. KRONECKER, Monatsberichte der kéniglich preussischen Akademie der 
Wissenschaften zu Berlin (1870), p. 882. 

+H. WEBER, Mathematische Annalen, vol. 20 (1882), p. 302. Cf. also G. FROBENIUS 
in Crelle’s Journal fiir die reine und angewandte Mathematik, vol. 100 (1887), 
p. 179, and in the Sitzungsberichte der kéniglich preussischen Akademie der 
Wissenschaften zu Berlin (1895), p. 163. 

tH. Weper, Mathematische Annalen, vol. 43 (1893), p. 521; or Algebra, second edi- 
tion, vol. 2 (1899), p. 3. 

2 W. BURNSIDE, Theory of groups of finite order, 1897, p. 11. 

|| J. PreErrpont, Annals of Mathematics, ser. 2, vol. 2 (1900-01), p. 47. (From acourse 
of lectures delivered in 1896 at the Buffalo Colloquium of the American Mathematical Society. ) 

"Cf. E. H. Moore, Transactions, vol. 3 (1902), p. 488, footnote. 

**E,. V. HUNTINGTON, Bulletin of the American Mathematical Society, vol. 8 
(1901-02), pp. 296-300, revised in Transactions, vol. 4 (1903), p. 30. See also a second defi- 
nition, in Bulletin, loc. cit., pp. 388-391, and two corresponding definitions for abelian 


groups, in Transactions, loc. cit., pp. 27-29. 
tt For the case of Abelian groups, cf. 4 4, below. 
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postulate A also could be made redundant. Since postulate A is the fundamental 
postulate of the whole theory, the resulting definition (comprising only D and a 
modified form of B ) had obvious disadvantages. Revised forms of this definition, 
however, in which the rule of combination is replaced by a relation, as suggested 
by Professor BOcHER* in his address at the St. Louis Congress of 1904, have 
considerable logical interest, and will be presented in §§ 5-6 of this note. 

More convenient definitions by sets of independent postulates were given in 
the same year (1902) by Professor Moore.+ The first of these definitions is 
of the type published by Pierpont, differing from WEBER’s definition in the 
use which it makes of the identity and the inverse elements. A second defini- 
nition given at the end of the paper is a modification of the first, embodying a 
further analysis of the identical element, and demanding, in particular, the exis- 
tence of an “idempotent” element i such that ii =i. A note by Moore on 
this second definition appears in the present number of the Transactions. 

Another modification of Moore’s first definition, reverting more nearly to 
PIERPONT’s original form, has been recently given by Professor Dickson, and 
will also be found in this number of the Transactions. 

In $1 of the present note I propose a further modification of the PrERPONT- 
Moore type of definition, in the direction indicated by the latter part of Moore’s 
paper. Although the points of difference are so slight as to seem almost trivial, 
yet the introduction of postulate 4, demanding explicitly the uniqueness of the 
identical element, and the “ weakened ” forms in which postulates 5 and 6 are 
now stated, will be found very convenient when one has to test a given system 


for the group property.f 


Closely connected with the theory of groups is the theory of fields, § suggested 
by GaLots, and due, in concrete form, to DEDEKIND || in 1871. The word field 
is the English equivalent for DEDEKIND’s term A drper: KRONECKER’S term 
Rationalitdtsbereich,§ which is often used as a synonym, had originally a some- 


i} 

*M. BOcHER, Bulletin of the American Mathematical Society, vol. 11 (1904-05), 
p. 126, footnote. 

+E. H. Moors, Transactions, vol. 3 (1902), pp. 485-492, revised in the present number 
of the Transactions, p. 179. 

t Further analysis of the postulates, such as I have attempted in Transactions, vol. 6 
(1905), pp. 34-36, does not seem likely to lead to practical advantage, except possibly in the 
case of the associative law. 

ZSee parts of Linear Groups, with an exposition of the Galois Field theory, by L. E. 
DICKSON, in the TEUBNER series of mathematical text-books, 1901 ; and parts of the Eléments 
de la théorie des groups abstraits, by J. A. DE SEQUIER, Paris, 1904. [See review by Dickson in 
the Bulletin of the American Mathematical Society, vol. 9 (1904-05), pp. 159-162. ] 

|| P. G. L. DIRICHLET, Vorlesungen iiber Zahlentheorie, edited, with supplementary material, by 
R. DEDEKIND ; 2d edition (1871), p. 424; 4th edition (1894), p. 452. 

{L. KRONECKER, Grundziige einer arithmetischen Theorie der algebraischen Grdssen, 1882, 
Crelle, vol. 92 (1882), p.1; Werke, vol. 2, p. 237. Cf. J. KONIG, Einleitung in die allgemeine 
Theorie der algebraischen Griszen, 1903, p. 183. 
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what different meaning. The earliest expositions of the theory from the general 
or abstract point of view were given independently by WEBER * and by Moore, + 
in 1893, WeBeEr’s definition of an abstract field being substantially as follows : 

I. There are two rules of combination among the elements of the given set, 
the one called addition, and the other multiplication. 

II. The set forms a group with respect to addition (see conditions A, B, C, 
D, above). The result of the composition of two elements is here called their 
sum (a+ b), the identity of the group being called zero (0), and the inverse 


operation subtraction. 

III. If the identity of the additive group is excluded, the remaining elements 
form a group with respect to multiplication. The result of the composition of 
two elements is here called their product (a x b, or a-b, or ab), the identity 
being called unity (1), and the inverse operation division (the divisor being dif- 


ferent from zero). 

IV. Addition and multiplication are both commutative. 

V. Addition is distributive with respect to multiplication ; that is, 
a(b+cec)=(ab)+ (ac). 

VI. a( —b) = —(ab). 

As consequences of this definition, WEBER proves that ax 0=0x a=0 
for every a, and that a product cannot be zero unless at least one of its factors is 
zero; but he makes no attempt to free the definition from redundant statements. 

The earliest sets of independent postulates for abstract fields were given in 
1903 by Professor Dickson § and myself; || all these sets were natural ex- 
tensions of the sets of independent postulates that had already been given for 
groups. 

In § 2 of the present note I propose another set of postulates for fields, based 
on the postulates for groups given in § 1, and possessing similar advantages. 

Still other sets will be found in § 4, and in the paper by Professor Dickson 
(already referred to) in the present number of the Transactions. 

*H. WEBER, Mathematische Annalen, vol. 43 (1893), p. 526. 

+E. H. Moore, Mathematical Papers read at the International Mathemat- 
ical Congress at Chicago in 1893 (published in 1896), p. 210; abstract in the Bulletin 
of the New York Mathematical Society, vol. 3 (1893-94), p. 75. MooRkE’s theorem 
that every existent finite field is the abstract form of some Galois Field is established in this 
paper ; but the term Galois Field as here used must not be confused with the term Galois’ scher 
Kérper, introduced by DEDEKIND (loc. cit., 2d edition, p. 455). 

{ The most familiar and important example of an infinite field is furnished by the rational 
numbers, under the operations of ordinary addition and multiplication. In fact, a field may be 
briefly described as a system in which the rational operations of algebra may all be performed 
(excluding division by zero). A field may be finite, provided the number of elements (called 
the order of the field) is a prime or a power of a prime. 

§ L. E. Dickson, Transactions, vol. 4 (1903), pp. 13-20. 

E. V. HUNTINGTON, Transactions vol. 4 (1903), pp. 31-37. 
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$1. <A definition of groups and abelian groups. 

As already stated, the definition of abstract groups contained in this section 
is a modification of the definition given by Professor Moore in 1902. 

We consider a class A’, and a rule of combination, subject to the following 
conditions (the result of combining a and } being denoted by ad ) : 

PostuLateE 1. If a and bd are elements of the class, then there is an element 
ce in the class such that ab = c; and this element c is uniquely determined by a 
and b.* 

PostuLate 2. The associative law holds throughout A’; that is, 


(ab)c=a(be), 


whenever a, b,c, ab, be, (ab)c, and a(bc) are elements of A’. 

PosTuLATE 3. There is at least one element i such that ii = 7. 

PostuLaTE 4. There is not more than one element i such that ii = i; that 
is, if and y are elements such that = and yy = y, 

PosiuLaTeE 5. If there is a unique element i such that ii == i, then either 
ia = a for every element a, or else ai = a for every element a. 

PostuLate 6. If there is a unique element i such that ii = 7, then for every 
element « there is either an element a, such that aa, = i, or else an element a, 
such that @a = i. 

From these postulates 1-6 the following theorems can be deduced, the proofs 
for which will be given in § 7: 

Theorem 1. If i is the unique element described in postulates 3 and 4, then 
ia = ai = « for every element a. 

Theorem II. If ab = ab’, then 6 = 0b’; if ab = a’b, thena=a’. 

From these theorems we have at once two further theorems, by the aid of 
postulate 6: 


Theorem UI. Every element a determines uniquely an element a~ 


aa~' = a~‘a = i, where i is the element described in postulates 3 and 4, 


' such that 


Theorem 1V. Every two elements a and } determine uniquely an element 2, 


*If ¢ were not uniquely determined by a and b, then the expression ab would have to be re- 
garded as a multiple-valued function of « and b, and the assertion : a/c, would mean merely 
that one of the values of ab is equal toc. Similarly, (ab)e¢ would mean the multiple-valued 
function obtained by combining (ab), itself multiple valued, with the element c; and the 
equation (ab )¢=a(be) would assert merely that one of the values of (ab) ¢ is equal to one of 
the value of a( be). 

With this understanding of the notation, a system which satisfies all the postulates except the 
last half of (1) may be constructed as follows: Let A = any finite or infinite class which con- 
tains a special element X and at least one other element ; and define the rule of combination so 
that if a +), ab may have any value within the class ; while if a=b, aa—=X. 

Heuce the second part of postulate 1 is essential to the definition. In fact, it is only the 
uniqueness of the symbol ab which gives this notation any advantage over the relational notation 
employed in § § 5-6. 


| 

| 

| 

| 
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namely « = a~'b, such that ax = 5; and also an element y, namely y = ba~, 


such that ya = b. 
Thus we see that any system which satisfies the postulates 1-6 will be a group 
with respect to the given rule of combination. The element i is the identity of 
> 


the group, and the element a~ is the inverse of a. 
If we wish to make the group abelian, we must add another postulate, namely : 
PostuLATE 7 (for abelian groups). The commutative law holds throughout A’; 
that is, 
ah = ba 9 


whenever a, 6, ab, and ha are elements of A. 

These seven postulates are independent, as will be shown by the examples 
constructed in $3; so that no one of them can be deduced from the remain- 
ing six. 

If we wish to make the group finite, we must add the following postulate : 

PostTuLaTE V (for finite groups). The number of elements in the class is 
some positive integer, 7. 

After the introduction of this postulate .V, postulates 3 and 6 become redun- 


dant (see $7), so that the five postulates 
4. 6, ond 


ave sufficient for finite groups. The independence of these postulates, when 


n > 2, is established in § 3. 


§2. A definition of fie Ids. 

The following set of postulates for abstract fields is suggested immediately by 
the postulates given in $ 1 for groups. 

We consider a class A’, and two rules of combination, called addition and 
multiplication, subject to the following conditions (.A1— A6, M1 — JA, M6, 
MT, and D):* 

PosTuLaTE Al. If a and + are elements of the class, then their “sum” 
a +b, is an element of the class, and is uniquely determined by a and db. 

PostuLaTEe A2. The associative law for addition holds throughout the class: 


(a+b)+e=a4+(b+e). 


PostuLATE A383. There is at least one element z such that 2 +2=7:. 
PosruLaTe A4. There is not more than one element z such that z + 2 =z 
PostuLate A5. If there is a unique element z such that z+ z=, then 


either z + a = a for every element «, or else « + z =a for every element a. 


* The letters A and Win the designation of the postulates are intended to suggest addition 
and multiplication respectively, while D indicates the distributive law for addition with respect 


to multiplication. 
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PostuLaTe A6. If there is a unique element z such that z+ z = 2, then for 
every element a there is either an element a’ such that « + a)=2z, or else 
an element a) such that a} + a=2z. 

From these postulates 41—A6 we have at once, by § 1, the following theorem : 

Theorem 1. The class Kis a group with respect to addition. 

The identity, z, of this group, is called the zero-element of the field, and is 
denoted by 0; while the inverse of an element a is here called the negative of 
a, and is denoted by —a. 

PostuLaTe M1. If a and } are elements of the class, then their “ product,” 
a xb (or a-b, or ab), is an element of the class, and is uniquely determined 
by a and 

PostuLaTE M2. The associative law for multiplication holds throughout the 
class : 
axb)xce=ax(bxe). 


PostuLaTE 1/3. There is at least one element ~ such that ~ x «= wu and 


uputu. 


PostuLatEe There is not more than one element such that uv = u 
and w + 2 

Lemma M5. If there is a unique element w such that vw x w= wu and 
u+u+u, then either «x a=a for every element a, or else a x uw =a for 
every element a. 

This lemma J/5 is not included in the list of postulates. since it will prove 
to be deducible from A1—A6, M1-M4, M6, MT, and D (see §7); it is 
assumed for the moment, however, as are also lemmas 4/7’ and D’, below, in 
order to show exactly iow much of the postulates 1/7 and J is required for the 
proof of theorem 3. 

PostuLaTE M6. If there is a unique element w such that uw x uv =u and 
u+u+u, then for every element a, provided a+ a+ a, there is either an 
element a” such that a x a” = w, or else an element a such that a) x a=u. 

Lemma MT’. If 0 is the zero-element of the system (theorem 1), and w the 
element in postulates 1/3-—M4, then 0 x w=u x 0. 

This lemma will appear as a special case of postulate J/7. 

Lemma D’. If 0 is the zero-element of the system (theorem 1), then either 
0 x a=0 for every element «, or else a x 0 = 0 for every element a. 

This lemma will prove to be an immediate consequence of postulate D, in 


view of A3—A4, taking b=c=0. 

The propositions A1—A6, 1/1-M6, M7’, and D’ are now sufficient (see § 7) 
to establish theorems 2-3, without requiring the more general postulates M7 
and J; and until these postulates 1/7 and D are introduced, the fourteen pro- 
positions just mentioned are all independent (see § 3). 


| 
| 
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The theorems in question concern the group-property of the field with regard 
to multiplication, as follows : 

Theorem 2. ax0=0xa=0, for every element a. 

Theorem 3. If the zero-element is excluded, the remaining elements form a 
group with respect to multiplication. 

The identity, vw, of this group is called the wnit-element of the field and is 
denoted by 1; while the inverse of any element a in this group is called the recip- 
rocal of a and is denoted by 1/a. 


The remaining postulates for a field are the following: 
PostuLaTE M7. The commutative law for multiplication holds throughout 
the class; that is, 
axb=bxa. 


PostuLaTe J). Either the left-hand or else the right-hand distributive law 


for multiplication with respect to addition holds throughout the class; that is, 


either 

ax(b+e)=(axb)+(axc), 
or else 

(b+e)xa=(bxa)+(exa). 


From 1/7 and J, in view of Al and 1/1, we have at once: 

Theorem 4. Multiplication is commutative and distributive. 

To show that x (—4b)=—(ax we have only to put b+ ¢=0 in 
postulate J), using ./7 and theorem 2. 

Finally, by a method due to HILBERT (see $7), we can deduce the commuta- 
tive law for addition : 

Theorem AT. Throughout the class, at+b=hb+a. 

Thus we see that any system (A, +, x) which satisfies the postulates 
A1-A6, M1-.W/4, W6. W7, and LD, will be a field with respect to the rules 
of combination + and x. 

All these postulates are independent, as will be shown by the examples con- 


structed in § 3. 


$3. Proof of the independence of the postulates of $$ 1-2. 


In this section, the symbols +, x, 0, and 1 are used only in their ordinary 
arithmetical meanings, the general operations of * addition” and * multiplica- 
tion’ being denoted by © and ©, and the « zero-” and “ unit-” elements by z 
and w respectively. * 

The independence of the thirteen postulates of $2, for abstract fields, is 


* The symbols @ and © were first used in this connection in Transactions, vol. 4 (1903), 
p- 31; cf. vol. 5 (1904), p. 292, and vol. 6 (1905), pp. 19 and 22. 
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established by the existence of the following systems (A, =, ©), each of which 
satisfies all the other postulates, but not the one for which it is numbered. 
The first six of these systems, together with any non-abelian group, serve also 


to show the independence of the seven postulates of § 1 for abstract groups. 


For Al. all real numbers: ae b=a-+ 6 when a or or a+ is 
zero, otherwise a & 6 not in the class; aob=ax b. 

For A2. AK=all real numbers; ag b=a+56 except that aea=0; 
aob=a~x b. 

‘or A383. A =all positive real numbers; ae b=a+b: aob=ax b. 

For A4. HK=all real numbers, together with an extra element o ; 
agb=a+b and aob=axb, understanding that © ¢ o©=0, 
z=Qorcandu=1. 

For Adi. KK =all real numbers; a 

For A6. A =all positive real numbers with 0; ae b=a+b; aob=axb. 


For M1. K=all real numbers; a ¢ b=a+b; ao b=ax b when a or 
6 is 1 or when « x 6 is 1 or 0, otherwise a © + not in the class. 

For M2.* = all complex numbers of the form (a, 8, y¥)=a+ fi+y, 
where a, 8, and y, are real numbers; ¢ = +; © = x, the multiplication- 


table for the three principal units being the following : 


Here z=(0,0,0)andu=(1,0,0). To find the reciprocal, (.Y, J, Z) 
of (a, 8, y), take Y=a/A, =—f/A, Z=—y/A, where A= a’ 
The associative law fails, since (ii) j + (7). 


For M3. W = all even integers ( positive, negative, and zero); @ = +; 

as xX. 

For M4. A= all complex numbers (a, 8), where a and £8 are real; ¢ =+; 
= (a,a,, Ba, + 4,8, + B,B,). 

Here z=(0,0), and w=(1,0) or (0,1) or(1,—1). 

For M6. K = allintegers; e=+: O=x. The following system may also 
be used: A’ = all complex numbers (a, 8), where a and 8 are real; ¢ = +; 
B,)o( B,) = (a,a,, Ba, + 


* This system was suggested to me by Professor DICKSON. 


3 | 
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For MT. HK = all quaternions, a + Bi + yj + dk, where a, 8, y, and 6 are 
real numbers; = +; © =x. 

For D. K =all integers; ao b=a+bh; when a +0 
and 6 + 0,ao/b is defined as follows: let A = a or a + 1, according as a is 
positive or negative, and let B = b or b + 1, according as b is positive or nega- 
tive; then aob= A+ B when A + B is positive, and aob=A+ B-—1 
when A + B is negative or zero. 

The independence of the postulates is thus established. Since each of the 
systems is infinite, the postulates will remain independent even when we add the 
demand that the group or field shall be infinite. 


In regard to the lemmas J/5, and V7’, and D’, we notice that all the sys- 
tems just given satisfy them; further, the following systems show that they 
cannot be proved without the aid of 1/7 or D. 

For M5 and D. Let HK = all real numbers; ¢ = +; ao b=1, except 
that ao0=00a=0. 

For MT and M7. H=a celass of two elements, 0 and 1, with 
=0e0=a, 191=0, and aob=a; or the same system, with 
=). No system of this kind exists that has more than two elements. 

For D' and D. Let K = all real numbers; 9 = +; aob=a+bdb—1. 


It remains to prove the independence of the postulates 1, 2,4,5, WV, for 
finite groups* of order n > 2 ($1).¢ To show the independence for the first 
four cases, let A = the class of » integers from 0 to n — 1 inclusive, and define 
the rule of combination as follows: 

For 1. when a+b=n, and ae0=0¢a=<a; otherwise 
a @ 6 not in the class. 

‘or 2. except 

For 4. agb=0 except thataga=a. 

For 5. asb=0. 

To show the independence of postulate V, consider any infinite group, or an 
empty class A’. 

*I have not attempted to get a set of independent postulates for finite fields. All that has 
been done in this direction will be found in Professor DICKSON’s paper in the present number of 
the Transactions. 


t If n=1, postulate 1 is sufficient ; if n =2, postulates 1, 2, 4, 5 are independent, the non- 
group systems for 1 and 2 being the following : 


0 1 0 1 
01X and 0/1 1 
0 1/1 0 
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In regard to the independence of the commutative law in the case of finite 
groups of order x, Professor Dickson has just proved the following interesting 
theorem: Let n= A-B-C..-, where A B= C=, ---, the a,b, 


c, ---+, being distinct primes; then 


(1) if any one of the exponents «, 8, y, --- is greater than 2, there is a non- 


abelian group of order n; and 

(2) if any one of the expressions A —1, B—1, C—1, --- is divisible by 
any one of the primes a, b, c, ---, there is a non-abelian group of order 7. 

If neither of these conditions is satisfied, every group of order x is abelian. 


$4. A shorter definition of a field. 


This section contains a shorter definition of a field, by means of ten postulates, 
the independence of which, however, is not completely established. * 

PosTuLaTEs 1-7. The sameas Al, AT; M1,.W2, M7; D. (See§2.) 

PosTuLaTE 8. Given a and b, there is an x such that a+ 7=b. 

PostuLaTE 9. Given a and b, and a+a+a, there is a y such that ax y=b. 

PosTuLaTE 10. There are at least two elements in the class. 

Five of these postulates, namely 1, 2, 3, 8, and 10, constitute a definition of 
abelian groups; but for the purpose of testing a given system, neither of these 
shorter definitions is so convenient as those given in $1. 

The following theorems, proved in § 7, show that any system which satisfies 
the postulates 1-10 is a field with respect to + and x: 

Theorem 1, There is a unique element 0 such that 0+ a=a+ 0 =a for 
every element a. (From 1, 2, 3, 8, 10.) 

Theorem Il. Ifa+b=a+b',thenb=6'. (From 1, 2, 3, 8, 10.) 

Theorem III. There is a unique element 1, different from 0, such that 
la = al = a for every element a. 

Theorem 1V. Ifaxb=ax 

Theorem V. 

The independence of all the postulates, except 1 and 4, is established by the 
following systems: 

[For 1 and 8. KK =all real numbers; a @ 6 = a + b when a and 6 are inte- 
gers, otherwise a @ b not in the class; ©=x.] 

For 2. A =all real numbers; b=2(a+0); o=x. 

For 3. A=all real numbers; © =x. 

[For 4 and 9. K=all real numbers; ¢=+;a06=ax b when a and 
b are rational, otherwise a © 0 not in the class. | 

For 5. K= all complex numbers (a, 8), where « and 8 are real: @ =+ ; 
B,) © B,) (4, %, B,B,, a, B, a,8,). 


* Compare a similar set of thirteen postulates, all independent, in a paper of mine on complex 
algebra, in the present number of the Transactions. 
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In the geometrical representation of this system, © is the ordinary multipli- 
cation followed by reflection in the axis of reals. 

For 6. HK =all real numbers; 9=+;a0b=b5. 

For T. K=all real numbers; @=+; O=+. 

For 8. K=all positive real numbers; ¢=+; O=x. 

For 9. K=all integers; @=+; O=x. 

For 10. K = an empty class; or A =a class containing a single element a, 


withhaga=aandaoa=a. 
The independence of postulates 1 and 4 is still an open question, unless postu- 
lates 8 and 9 are artificially “ weakened”. 


$$ 5-6. Definitions of groups in terms of a triadic relation, R. 


The sets of postulates for abstract groups given in §$§ 5-6 are modifications 
of the writer’s first definition of 1902 (loc. cit.), expressed in terms of the triadic 
relation suggested by Professor BOcHER (loe. cit.). 

The fundamental concepts are here a class, K, and a relation, R; instead 
of writing “ab =c,” which means * the combination of a and } equals c,” we 
write * 22(abc),” which means “ the three elements a, 6, and c satisfy the given 
relation 

The use of this notation suggested the more explicit division of the first pos- 
tulate of § 1 into its two component statements, namely postulates 1V in § 5, 
and postulate IV’ in § 6. 

§ 5. 

One set of postulates for which, however, the proofs of independence are not 
complete, is the following (a, b, c, ete. denoting elements of A’): 

PostuLate I. The class A is not an empty class. 

Postu.LaTe II. Given 4 and ¢ there is an a such that ?2( abc). 

PostuLaTe III. Given a and ¢ there is a 6 such that R( abc). 

PostuLate IV. Given a and there is a ¢ such that R( abe). 

PostuLaTe V. If R(abp), R(peM), R(beq),. and R(agN), then 
M=N. 

From these postulates [-V the following theorems are deduced (see § 

Theorem 1. If R( abc) and R(a be), then a=a’. 

Theorem 2. If R( abe) and R(ab'c), then b = db’. 

Theorem 3. If R( abe) and R( abe’), then e= ce’. 

If now we write ab = c in place of (abc), postulate V gives us the associa- 
tive law: (ab)e =(p)e = M; a(be) = a(q) = XN; and all the conditions in 


T 


): 


Weser’s definition of a group are clearly satisfied. 
The independence of all the postulates except IV is established by the systems 
used in § 6; but the question of the independence or deducibility of postulate 


IV is undecided. 
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§ 6. 

Another set of postulates, less symmetrical than that given in § 5, but admit- 
ting complete proofs of independence, is the following : 

Postu.ates I-III. The same as in § 5. 

PostuLtaTE IV’. If R( abe) and abe’), then ce’. 

PostuLaTe V’. Either (1): If R(abp), R(beq), and R(pe.W), then 
R(aqM); or else (2): If R(abp), R(bceq), and R(aqN), then R( 

From these postulates we can prove (see § 7) the theorems 1-2 of § 5, and 
also 

Zheorem 3’. Given a and there is ac such that R( abc). 

Hence the two definitions are clearly equivalent. 

The proofs of independence are as foliows : 

For A = an empty class. 

For U-III. A = any class of more than two elements; for II, let 22 (abc) 
mean 6=c; for III, let (abe) mean a =e. 

For lV’. AK =any class of more than two elements, with /2( «abc ) true for 
all values of a, 4, and e. 

For V’. A =all real (or ail rational) numbers, with (abc) signifying 
a+b=2c; or again, the positive integers (n > 2) from 0 to n—1 
inclusive, with /2(abc) holding whenever ¢ = x — s, where s is congruent to 
a+bmodulo n. In this last system, (11)2 + 1(12 

It may be noticed that the postulates I-III, 1V, and V’ are independent,* 
but not sufficient to define a group, as witness the systems in which /2( abc) is 
always true. 

The postulates I-III, IV’, and V are likewise independent, but their suffici- 
ency is still an open question. 


$7. Proofs of theorems in the preceding sections. 

To avoid interruption in reading, a number of theorems in the preceding sec- 
tions have been stated without proof; the requisite demonstrations are here sup- 
plied. 

In $1: Proof of theorem 1. If i is the element described in postulates 3 
and 4, we have the following lemmas : 

Lemma 1. If ab=i, then ba=i. (By 1-5.) For, if ab=i, then 
(ba) (ba) = b(ab)a = bia = ba; whence ba =i, by 4. 

Lemma 2. For every element «a there is at least one element « such that 
ax=aa=i. (By postulate 6 and lemma 1.) 

The proof of the main theorem is then as follows: Suppose ia = a for every 
element a, and take a so that ax = aa =i; then 


ai = i(ai) =i[a(ac)] =i[(az)a] =i(ia) =(ii)a=ia=a. 


. *To show the independence of IV in this set, let 2 ( abe ) signify a=b. 
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Similarly, if we suppose ai = a for every element «, then 
ia = (ia)i= 


In $1: Proof of theorem Il. By lemma 2, take a so that au = i, and B 
so thatb8=i. Then if ab = ab’, 


b= ib =(aa)b=a(ab)=a(ab')=(aa)b' =ib' = 
and similarly, if a) = a’ b, 
(b8)=ai=a’. 


In §1: Proof of postulates 3 and 6 for finite groups. (The proof of 3 
depends merely on 1, 2, and .V; that for 6 requires 1, 2, 4, 5, and JV.) 
Let a be any element, and form the sequence of elements 


a, = dd, a,= 4,4, a, = Uy Uys = a, 


Since the class is finite, this sequence must eventually contain repetitions ; 
that is, there must be indices p and p + q such that a, = 4,,,° The element 


aa 
Pp ptl ptq-l 


will then be such that x = x, which establishes postulate 3. * 
Now this element x is simply the combination of a certain number, say m, + 


of the a’s: 
aaa 


hence the combination of m—1 of the a’s will be an element a’ such that 
aa’ =i, which establishes postulate 6. 

In §2: Proof t of lemma M5. 

a)ax0=0. (From Al, A3-A4, WT, D.) For, 


ax0=ax(04+0)=(ax0)+(ax0), 


whence a x0 = 0, by A4. 

b) Ifuxex=0,then2 =0. (From Al, A2-A4, W1-M4, M6-MT, D.) 
For suppose a + 0, and take x” by .V6 so that «”x «=u. Then by «), 
2” =0x 2” which is impossible. 

ce) ax(b—c)=(axb)—(axc). (From A1l-Ab6, .W1-M4, M6-MT, D.) 
0=0, whence 


ax(—c)=—(axe). 


loc. cit. (1962), p. 490. 
Here m = 2”(2?—1). 
t 1 am indebted to Mr. G. D. BrRKHoFF for this demonstration. 


 * This proof for 3, which suggested the proof for 6, is taken from the paper by E. H. Moore, 
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d) Ifuxa=2,thenuxx=2. (From W1-M4.) For, 


From c) and d) we can now prove the lemma, as follows: Let ux a=2; 
then wu X whence a—x=90, or 


r= d. 


In $2: Proof of theorem 2. (The proof depends on A3-A4, ¥1-M5, 
MT’ and D’, but not on 1/6.) 

If the first part of D’ is true, 0 x a=0 for every element a. Then 
(ax 0)x (ax 0)=ax (0x a)x O=ax 0x 0=ax 0, whence, by J/4, 
ax 0 = either 0 or 

But the second alternative, a x 0 =u, must be rejected, in view of WT’. 
For, suppose a x 0 = w for any particular value of a. Then wxc=(ax0)xe 
=ax(0xc)=ax 0=u, for every element c, so that first half of J75 
cannot be true. Therefore, by the second half of 1/5, ¢ x w=c for every 
element c. Then, for every x c=(cx u)xec=ex (uxc)=exu=ce, 
whence, by 1/4, every c must be either 0 or vw. But if 0 and w are the only 
elements in the class, then wu x 0 = 0 x uw, by MT’, orux 0=0. 

Therefore a x 0 = 0 for all values of a. 

If the second part of D’ is true, instead of the first part, the theorem is 


proved in a similar way. 


In § 2: Proof of theorem 3. 

(1°) fax b=u, then bx a=u. For, if ax 6=u, then (bx a) 
x (bx a) =bx (ax b)x a=bxuxa=b-x a, whence, by W4,bx a 
is either w or 0. But it cannot be 0, since if it were we should have uw x u 
=(ax b)x (ax b)=ax(bxa)x b=ax0xb=0 (by theorem 2), 
which is impossible by 175. 

(2°) For every element a, provided a + 0, there is at least one element a 
such that a x a=ax a=u [by (1°) and 1/6]; and any such element « 
will be + 0 when a + 0 [by theorem 2, since 0 + w]. 

(8°) If a+0, then ux a=axu=a. [This follows from (1°) and 
(2°), as in the proof of theorem I in § 1.] 

(4°) If a+ 0 and b+ 0, then ax b+0. For, suppose a x and 


a + 0; then taking a so that a x a= wu we have 
b=uxb=(axa)x b=ax(ax b)=ax0=0. 
Thus all the conditions for a group (see § 1) are satisfied. 


In § 2: Proof* of theorem AT. (The proof depends on A1—A6, W1-M6, 


*D. Hitpert, Uber den Zahlbegrif, Jahresbericht der Deutschen Mathematiker- 
Vereinigung, vol. 8 (1899-1900), p. 183. 
Trans. Am. Math. Soc. 14 
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and both parts of D). Since the system is a group with respect to addition, 
we know that from a + = a+ follows = b', and froma+b=a' +b 
follows a = a’ (theorem 2,$1). By D, in view of WT, we have 


+1)=a+a+b45, 


(a+b) x1+( +b)xl=a+b+a+b. 
Thereforea + a+6=>a+6+4a,and hncea+b=b+a. 


In § 4: Proof of theorems I-V. 

I. Let ¢ be any fixed element and a any other element. Take z so that 
e+z=c,and 
coreg if a+2,=a for every a, and also a+2,=a for every a, then 

+ 2, = 2, and z, + z, =2,, whence by postulate 3, z, = z,=0. 

“IL. ‘Take x so that x then =)’. 

III. Let ¢ be any fixed element not 0, and a@ any element not 0. Take w so 
that cw =c and y so that ye=a. Then au =(yc)u=y(ceu)=yc=a. 

IV. Take y so that ya =u; then b= ub = yab= =yb' 

V. Suppose ab =0 and a+0, and take y so that ya=1. Then 
b=1lb=yab= P=0. 


In§5: Proof of theorem 1. Given R( abc) and R(a’be). 

Take z and a so that R(za’a) and R(zcx); and y so that 2(cya’). Then 
from ?(za'a), R( abe), R( abe), R(zex), follows c= a; and from P(zcc), 
Ri cya’), R( cya’), R(za'a), follows a’ =a. 


In $5: Proof of theorem 2. Given R( abc) and R(ab'c). 

Take z and « so that #(b'zb) and (cz); and y so that R(ycb’). Then 
from R(ab'c), R(czr), ), R( abc), follows =x; and from (ycb’), 
R(b'zb), R(czc), R(ych’), follows b = b’. 


In §5: Proofs of theorem 3. Given (abc) and R( abc’). 

First proof (using only IJ, IV, and V): Take x, 8, and y so that R(xab), 
R(axr8), and R( Bay). Then from R(ar8), R( Bay), R(wab), 
follows { } 

Second proof (using only III, IV, and V): Take x, a, and y so that 
R( bea), R(xba), and R(bay). Then from R(baa), {Rarer}, R(xba), 
R (bay), follows {=<}. In either case, c= c’. 


In § 6: Proof of theorems 1-2. In order to show that either half of pos- 
tulate V'’ is sufficient, the proof is divided into four steps, (a—d): 

a) Proof of theorem 1, using V’(1): Given (abc) and R(a’be): to prove, 
a=a’. Take zso that R(za’a) and y so that R(cya’). From R(za‘a), 
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Rabe), R(abc), follows R(zcec); and from R(zcc), R(cya’), R(eya’), 
follows 2(za' a’). Hence, from and 2(2za'a’), we have a= a’. 

b) Proof of V'(2) from V'(1) and theorem 1: Given, 2(abp), 2(beq), 
and R(agN). Take P so that R( Pc) and A so that (AP). Then 
from ADP), R(beq), R(PeN), follows R(AgN). From R( Ag.V) 
and have A = a; and from (abP) and ( abp) we have P = p. 
Hence R( pe.V). 

c) Proof of theorem 2, using V'(2): Given, 22( abc) and 2(ab'c); to prove 
b=b'. Take z so that R(bzb’) and so that (ach). From (abe), 
R(bzb'), R(ab'c), follows R(czc); and from (ach), R(czc), R(wcb), 
follows 22(bzb). Hence, from (bzb) and 2(bzb’), we have b = b’. 

d) Proof of V'(1) from V'(2) and theorem 2: Given, 22(abp), R(beq), 
and Take Q so that R(aQM), and C so that R(LCQ). Then 
from R(abp), R(b6CQ), R(aQM), follows R(pCM). From 
and peM) we have C= c; and from R(beQ) and 2 (beq) we have = q. 
Hence (agM). 

Thus from either half of postulate V’ we can prove the other half, and hence 
both the theorems 1-2. 

In §6: Proof of theorem 3’. Given a and b: take z so that 2(aza), b’ 
so that /2(bb'z), and ¢ so that 2(cbh’a). Then ¢ is the required element such 


that (abc). For, take 8 so that and so that R(8S'z). Then 


from R(aB8c), R(88'z), Raza), follows R(cB'a), by V'(2). From 
and &R(cb'a) we have =b', by theorem 2; and from /?( 8b’z) 
and 22(bb’z) we have 8 = b, by theorem 1. Hence abc). 
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DEFINITIONS OF A GROUP AND A FIELD BY INDEPENDENT 


POSTULATES* 


BY 
LEONARD EUGENE DICKSON + 


Introduction. 


1. The simple definition here given for a general abstract group relates as to 
‘origin and character to Professor Moore's two definitions, Transactions, 
vol. 3 (1902), pp. 485-492. <A few days before the appearance of the addition, 
Transactions, vol. 5 (1904), p. 549, to his paper, Professor Moore remarked 
. to me that one of his postulates relating to an inverse was redundant, meaning 
postulate (3”) of his second definition. I thought the reference was to his first 
definition and attempted to reconstruct the proof of a redundancy, there absent. 
This attempt led me to alter his postulate (4,) to read aa’ =i, instead of 
a\a=i,and to note that postulate (3,) becomes redundant in the altered set, 
thus obtaining the present definition. Subsequently I learned that Professor 
Moors, in his proof of the redundancy of (3") in his second definition, had 
obtained relations ¢ sufficient to establish the present definition but had not 
applied them to set up the definition itself. 

The present postulates for a general group possess the desirable property that 
they remain independent within sets of postulates for special classes of groups, 
the specialization being either in the direction of the number (2 >1) of ele- 
ments or their commutativity ($$ 3-5). 

The definition of a field (§ 6), based on the present definition of a group, has 
evident advantages over the earlier definitions. $ 

The postulates for a field remain independent under an assumption that 
the set is finite, or forms an enumerable infinitude, or a non-enumerable 
infinitude. 

* Presented to the Society (Chicago) December 30, 1904, under the title ‘‘ A definition of a 
group by independent postulates.’’ Received for publication November 19, 1904. The definition 
of a field was added January 14, 1905. 

+ Research Assistant to the Carnegie Institution of Washington. 

t Moorg, this number of Transactions, p. 179. 


§ HUNTINGTON and Dickson, Transactions, vol. 4 (1903), p. 31, p. 13. For the new 
definitions by HUNTINGTON, with a bibliography, see this number of Transactions, p. 181. 
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Definition of a group, §§ 2-5. 


2. Given a function a o b of two arguments and a set of elements, we will 
say that the elements form a group with respect to o when the following postu- 
lates hold: * 

(1,) For every two} equal or distinct elements « and 6 of the set, there is 
a determination of ao b. 

(1,) For a and 6 in the set, there is at most one determination of aob. 

(1,) If, for a and din the set, there is at least one determination of a o b, 
one determination is an element of the set. 

(2) (aob)oe=ao(boc) whenever a,b,c, and all the determinations 
of a0b, boc,(aob)oc, andao (boc) occur in the set. 

(3) There occurs in the set an element i such that, for every element a of 
the set, a oi has the determination a. 

(4) If such elements i occur, then for a particular i, and for every ¢ a in the 
set there occurs in the set an element a’ such that a ow’ has the determination /. 


Postulates (1,), (1,), (1,) may be combined into the triple statement : 

(1) For every two equal or distinct elements a and b of the set aod is 
uniquely determined as an element of the set. 

In view of (3) and (4), to any element a there correspond elements a’ and 
a’ such that aoa’ =i, a’ oa” =i, where i is a fixed element such that eo i= e 
for every element e. Applying also (1) and (2), we have 


a=ao0i=ao(a' 0a")=(a0a)ou =iod, 
aoa=a o(ioa’)=(a oi)od =a od si. 
Hence a oa=i. By this theorem, a@’ou' =i. Hence 
0a)=a0iz=a. 


Since a0 i= a=io4a for every a, i is called an identity element. If also i, 
is an identity element, then i, =i,oi=i. Hence there is an unique identity 
element. Sinceaoa’ =i=a' oa, a’ is called an inverse of a. If also a} is 
an inverse of a, then 


a, =a, =iod =a’. 


Hence there is an unique inverse of each element. 


*In (2), (6), and (7), we mean by A = B that one of the determinations of A equals one 
of the determinations of B. 

{ The assumption need not be made for a 07 or a0 a’, in view of (3), (4). 

¢ The assumption need not be made for a = 7, in view of (3). 
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3. We prove that the postulates (1,), (1,), (1,), (2), (8), (4), (5,), 
k=1, 2, or 3, are consistent and independent, where 

(5,) The number of distinct elements is a fixed integer n, n > 1;* 

(5,) The distinct elements of the set form an enumerable infinitude ; 

(5,) The distinct elements form a non-enumerable infinitude. 


Their consistency follows from the existence of the group of the elements 
0, 1,---, »—1 with aob=a+6(mod n), and the group of all rational 
(or real) numbers with ao b =a +b. 

Let J, be a set containing i and exactly n —1 further elements b; J, or J, 
a set containing i and further elements forming an enumerable or a non-enum- 


erable infinitude, respectively. 

To prove the independence of a postulate (j), we exhibit a set [j ] in which 
postulate (j) fails while each of the remaining postulates hold. In the sets, 
ao b is understood to have a unique determination unless the contrary is stated. 

[1,] Set Z,, no determination of iod or of 
bob’ (b+)’'). 

[1,] Set 7, forming a group under ©; aoc with the determinations aoc 


and i. 
[1,] Set ioi =i, boi=b, bob =i, i ob not in the set. 
[2] Set ioi=i,boi=b, bob’ =i,iobs=i. 4h 
[3] Set ioi=i,boiz=i,bob =i,iob=i. 
[4] Set ioi=i,boi b,iob=b, bob’ b, a fixed b. 


4. We next examine the effect of adding the commutative law: 

(6) aob=boa whenever a, }, and all the determinations of ao} and boa 
occur in the set. 

The postulates ( 1.) (1, ), (1,), (2). (3), (4), (5, ),(6), for k=0, 2, 
or 3, are consistent and independent. Here the new postulate is 

(5,) The number of distinct elements is finite but undetermined. 

The proof follows from the sets [ 1, ], ERP f1,] . [3], [4] above, and 

[2]’ Set J,,.n>2;ioisi, iob=boi=b, (b+)'), 

Then, for + b,,(b0b,)0b, = 6,06, =i, b0(b,0b,) =boi=b. 

[6] There exist finite and infinite non-commutative groups. + 

The question of the independence of the postulates for k =1 is answered 


by $5 in connection with the sets [1,], [1,], [2] [3], [4]. 


5. Tueorem. Let n = ---p*, where p,, ---, p, are distinct primes, 
and each 4.>90. The necessary and sufficient conditions that all existing 


* For n= 1, the group may be defined by the independent postulates (1,), (1,), (1;); also 
by the independent postulates (1,), (3). 

+ E. g., that of the transformations x’ = + r +b, where } ranges over all integers, or all real 
numbers, or the residues modulo m, m > 2, 

t Addition of February 2, 1905. 
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groups of order n shall be abelian are: (i) each x, = 2; (ii) no p» —1is 
divisible by one of the primes p,, ---, P,- 

We first prove that the conditions are necessary. If a, >2,a non-abelian 
G, is given by the direct product of the cyclic groups C,a.(/ = 2, ---,v) and 
a non-abelian G,«, say of the type generated by P and Q where 


Pe Q” I, Q"PQ P' (a, >2). 


If each a, =2 and ps — 1 is divisible by p,, there exists a non-abelian group of 
order and hence, as before, one of order n. Indeed, if a, = a,=1, we 
use the group generated by P, and P, where 


P3'P,P,= Pz [p,=1(modp,)], 


where 7 is an existing primitive root of #? =1(modp,). Ifa,=1,4,=2, 
we use the direct product of the preceding group by a cyclic C,,. If a,=2, 
a, = 1, the case in which p, — 1 is divisible by p, is disposed of as before, while 
for p, + 1 divisible by p,. p, > 2, we use the group* generated by S, 7), 7,, 
with 


Tr Tre Stal, TT 


where } is an (existing) integer such that x* + bx + 1 = 0 (mod p,) is irre- 
ducible, viz., b= i+ i",iamark of the belonging to the exponent 
Pp, Finally, if a, = a, = 2, we use the direct product of one of the preceding 
groups by C,,. 

It remains to prove that the conditions (7) and (//) are sufficient to make every 
G, abelian. To proceed by induction, we assume that this statement is true for 
every n’ = p*!..-p8c, Sa,,---, 8, <n. Hence every subgroup of 
G,, is abelian, so that} either G, is abelian or else n is divisible by at most two 
distinct primes. But for n=p,n =p’, orn =p" 0<4,52,0<4,52, 


pt +1 (mod p,), ps =1 (mod p,), G, is immediately seen to be abelian. 
Hence the induction is complete. 


Definition of a field, $$ 6-9. 


6. We employ a set of elements and two functions a¢ band a@b. For 
O= 9, postulate (j) of $$ 2, 4, with 7 =1, 2, 3, 4, or 6, is designated j*. 
An element i satisfying 3* is designated i,. Foro = @,(/j) is designated j* ; 
but 4* is assumed only for elements a distinct from each i,. An element i 
satisfying 3* is designated i,.._ As the distributive law we take { 

7 *HOLDER, Mathematische Annalen, vol. 43 (1893), pp. 345-357. We may use the 
form by CoLE and GLoveR, American Journal of Mathematics, vol. 15 (1893), pp. 207-8. 

+ MILLER and MoRENO, Transactions, vol. 4 (1903), p. 398. 

tif we alter (7) to read we deduce 6+ by taking a= ix 
and applying 6*. Then also (7) follows. 


i 
| 
al 
4 
j 
i 
4 
> 
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(7) a@ (bec)=(a@ b) (ae@c) whenever a, b,c, and all the determina- 
tions of the functions involved occur in the set. 

In view of the theorems in $$ 7, 8, we make the definition:* A set of ele- 
ments forms a field with respect to @ and @ if postulates 1*, 2*, 3*, 4*, 1”, 
2*, 6%, and 7 hold. 


7. THeorem.t From 1*, 2*, 3*, 4*, 3%, 6°, 7, follows 6°. 
We substitute 8 @ y for a in (7), apply 1*, 1*, 6*, T and get 


for every 8, y, 5, c inthe set. Interchanging } with 8, ¢ with y, and noting 
that the first member is unaltered in view of 6°, we get by 6“ and 2*, 


B)e(cey), 


Since 1*, 2~, 3*, 4* imply an inverse under ©, we get 
Taking 8 =~ y=i,, we getceb=bee. 


8. THeoreM. Let i, be chosen so that 4*, as well as 3*, is satisfied. Then 
agi,=i, for every element a. and b+i,, then 
a=i,. Hence i. has the ordinary properties of zero under @ and ®. 

By 7 Hence($2),a¢ 
foreverya. By1*,6*,i, 2a=si,. 

By 2%, from a @ b =i, follows i. =a = (b @ €) for every c. Let i, be 
chosen so that 4”, as well as 3*, holds. Taking ¢ such that b @ c=i., we get 


a. 


9. THEeorEM. /Postulates 2*, 37, 47, 1°, 2°, 3%, 4", 6%, T, 5, 
2, or 3) are independent. 
For / = 0, i. e., for a finite number of elements, We employ the sets : 
[1*] Elements 0,1,-l; ae@b=a+b,azb=axb. 
[2°] 2 =x. 
[3*] b=a+b(modn). 


* If the set is finite, we may omit 3* and insert 6+. Then if 3+ fails, all the elements form a 
group with respect to @. It cannot coutain an element a of period a,a>1. Indeed, if we 
set y=i, we geta®@y=—y, whencea=i,. Thesingle element in the se: 
necessarily satisfies 3*. 

tSome months after devising this proof I learned that a similar proof had been given by 
HILBERT, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 8 (1s99- 
1900), p. 183. But earlier writers have noted the essential point in the proof; viz., that the 
uniqueness of the expansion of (3 +7) (b+ e¢) depends upon the validity of the commutative 
Jaw for addition. 


4 
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g 0 1 
[4+] 00 1 00 0 
1/1 1 1 


[1*] 0,1; a@b=a+ b(mod 2), a=0,12¢1=1,1 2 0 not 
in the set. 
[2*] Eight * elements (&, 7, &, 7, ¢ taken modulo 2; 


(E, 7,0) @ (@, y, 2) = (2E + of, y)E4+ 4+2z)n4+ yE+ ant 28). 
The latter equals i, = (0,0,1) if D=&+ €+ &€ + 0( mod 2) and 
&(1+ 6)/D,y = (E+ 4+ = + &)/D. 
But D = 0 only when = 0: while if &= C= 0, =1, we have 
1. 


(0,1,0) @ (x,y,z) =(9,24+2,2) =i, if 2 =z 


Il 


Finally, 2* fails fora =(0,1,0),6=(0,1,0),c=(1,1,1). 
[3*] 0,1; a@b=a+4 b(mod2),agb=0. 
0,1,---,2—1,2 composite; aab=a+b(modn),a b=axb 
(mod 7) 
[6*] Nine elements a + lj, a, b = 0,1, —1(mod 38); 


(a+bj) @ (e+ dj) = ae —(—1)”bd + {be + (—1)”ad } j, 


where the exponent ab is taken in the form 0,1,or —1. Thenj g j= —1, 


(14+j)ej=1-j, 


so that 6* and the right-hand distributive law fail. For 4”, 


a—(—1)“h 


since a? + b=0 only when a =b=0 (mod 3). Computation shows that 
2* holds. 

[7] Any finite group of order >1; a@b=aeb=aob. if 
[5,] All rational numbers; @ = +, @ = x. | 


* A much simpler statement of 2,, Transactions, vol. 4 (1903), p. 20. 
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For k = 2(k=3), i. e., for an enumerable (a non-enumerable) infinitude of 
elements, we employ the following sets [7], 2 denoting the set of all rational 
(real) numbers, 72, that of all positive rational (positive real) numbers : 

[1+] R; bnotin Rifa+d, 
a+0orb+0. 

[2*] R; 

[3*] RL; 

[4*] Rand zro; =+,2=x. 

Rk; orab=1), otherwise a 2b 
not in 

[2°] Hypercomplex numbers a + Bi + yj, «, arbitrary in 2; 


j 
j 
1 


Then (ii) j= —j, i(ij) =i; (a+ yi+7)=1 if 
y=—B/A, z=—7/A, 


[3 ] R;a : b=a+bva 56=0. 

[4°] Positive and negative integers and zero; @=+, 
e,+a,e, with a, and a, real, e? =0, €,€, = 6,6, €,, = 
[6°] All quaternions ai + bj + ck + d, a, b,c, d in R: ; @=4+, 

[7] | 7 => = X. 

[5., k =2 or 3] Any finite field, e. g., the classes of residues modulo p. 


=x; thene, 2 y =i, =e, is impossible since e,(y,e, + y,¢,) =y.¢, 


THE UNIVERSITY oF CHICAGO. 
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ON SEMI-GROUPS AND THE GENERAL ISOMORPHISM 
BETWEEN INFINITE GROUPS* 


BY 
LEONARD EUGENE DICKSON+ 


1. When there exists a correspondence between the elements of two finite 


groups such that the product of two elements of one corresponds to the product 


of the corresponding elements of the other, then the elements of either which 
correspond to the identity of the other group form themselves a group. It is 
somewhat surprising that this familiar theorem fails in general for infinite 
groups, as shown by definite examples in $$ 7-8. Nevertheless, pe S&GuIER ¢ 
has attempted to establish the theorem for any groups; the error § in his argu- 
ment is quite subtile. The correct theorem involves the concept || semi-group, 
which reduces to a group when there is a finite number of elements, but not in 
general for an infinitude of elements. 

2. Given a function 70+ of two arguments and a set of elements, we say that 
the elements form a semi-group with respect to o when the following postulates 
hold : 

(1) For every two elements « and 6 of the set, aod is uniquely determined as 
an element of the set. 

(2) (cob)oc=ao0(boc), in the sense of Transactions, p. 199. 

(3) If a, x, x’ occur in the set, and if there are equal determinations in the 
set of aoxv,aow’, then x =2’. 

(4) If there are equal determinations of xo a, x’ oa, thenx=2’. 

We may replace the triple statement (1) by the three postulates (1,), (1,), 
(1,) of Transactions, p. 199. 

* Presented to the Society (Chicago) December 30, 1904. Received for publication December 
9, 1904. 

+ Research Assistant to the Carnegie Institution of Washington. 

t Elements de la théorie des groupes abstraits (1904), p. 66. In this text a group is any finite or 
infinite group unless a limitation is explicitly given. The theorem in question is expressly ap- 
plied to infinite groups in 766; cf. top of p. 68. 

2 Ibid., p. 66, 1. 9: tous les éléments - - - répondent d’ailleurs 4 

| Otherwise defined by DE SEGUIER, tb’d., p. 8. Cf. the writer’s review in the Bulletin of 
the American Mathematical Society, vol. 11 (1904), pp. 159-164. The postulates (3) 
and (4) there given by the writer are here replaced by the equivalent but more desirable postu- 
lates (3) and (4). The proof of the independence of the new postulates applies as well to the 


former, whose independence was stated without proof. 
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Semi-groups fall naturally into three classes, according as 
(5,) The number of elements is a fixed integer x ; 
(5,) The elements of the set form an enumerable infinitude ; 

(5,) The elements of the set form a non-enumerable infinitude. 
To establish the independence of the postulates of the system 


S,=(1,2,3, 4, 5,) (k=1, 2, or 3), 


with n > 2 in (5, ), we exhibit, for j = 1, 2, 3, 4, 5, .» a set >. of elements and 
a rule of combination o such +" the jth mentees fails while the remaining 
four hold. According as k = 1, 2, or 3, we employ as 


V, with 2 omitted, P with 2 omitted, with aob=a+); 


R,withaob=a'x P, withaob=a"' x 


N,R,P,withaob=a; 


N, Rk, P,withaob=b: 


5k 


R, P, R, withaob=ax 


where .V is the set of the first positive integers, /? the set of all positive 
rational numbers, ? the set of all positive real numbers; and where C is any 
group of order x modified by interchanging two rows of its multiplication- 
table; for example, having the elements 0,1, ---,—1, such that for any 
element 


Vob=(b41), loj=4, «aob=(a+b) if a>1l, 


(¢) denoting the least positive residue of ¢ modulo xn. Then 


(000)o0=100=0, 00(000)=001=2. 


A finite semi-group is a group. Indeed, the system* S, is precisely the defi- 
nition of a finite group given by WEBER. + The corresponding definition of 
a finite commutative group was given earlier by KRONECKER. { Every infinite 
group is a semi-group, but not inversely. 


3. THEOREM. A set of elements belonging to a group and such that the 
product of any two occurs in the set forms a semi-group. 


* Not until I had written out the independence proof for S, did I notice that a similar proof had 
been given by HUNTINGTON at the end of his paper in the Bulletin of the American 
Mathematical Society, vol. 8 (1902), pp. 296-3u0. 

+ Mathematische Annalen, vol. 20 (1882), p. 302; Lehrbuch der Algebra, 2d ed. 
pp. 3-4. 
KRONECKER, Berliner Monatsbericht, 1870, pp. 882-883. 


vol. 2, 
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Indeed, postulates (1)-(4) hold for the set. For example, the elements 
a"(n=1, 2, ---) of the infinite cyclic group { a, a~'! form a semi-group. 

4. In a semi-group any right-hand identity is a left-hand iden- 
tity, and conversely ; there is at most one identity. 


If i is a right-hand identity, then for every a and }, 
ao(iob)=(aoi)ob=aob, 


whence i0b = b by (3), so that i is a left-hand identity. The converse fol- 
lows from (b0i)oa=bo(ioa)=boaand (4). Finally, if i and i, are iden- 
tities, i= ioi, =i,. 


5. THeorem. In a semi-group containing the identity, any right-hand 


inverse of a is a left-hand inverse of a, and conversely; there is at most one 
inverse of a. 


If woa’ =i, then 
ao(aoa)=(a0u' )oa=ioa=a=ao0i, 


whence a 0«@ =i by (3). The converse follows similarly from (4 ). 

6. A correspondence between the elements of two sets A and B is called 
mutual when, if a is one of the elements corresponding to b, b is one of the 
elements corresponding toa. We writea~b. 

Two groups A and B are called isomorphic if there exists a mutual corre- 
spondence between their elements such that to each element of A corresponds 
one or more elements of 2 and to each element of B corresponds one or more 
elements of A, and such that a, a,~ b. b, if a,~b,, a,~ b. 

Let A’ denote the set of elements of A corresponding to the identity Z, of B, 
and 2’ the set of elements of B corresponding to J,. 

If a, and ~ then From § 3 follows the 

THeoremM. Lach of the sets A’ and B' is a semi-group. 

7. As an example in which neither of the semi-groups A’ and B’ is a group, 
consider the two infinite eyclie groups 
(6) Aw{a,a"'}, B={b,b"}. 


) 


To «a we make correspond 5-'+/ (j7 = 0, 1, 2.---), for every integer i positive, 
negative, or zero. Then to a’ a’ correspond 


Moreover for any integer i, it follows that to b' correspond a —'*/ 
2,---) and no further elements of A. Thus 


=(1,b,0,---), 


neither being a group. But the correspondence obeys the definition in § 6. 
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8. As an example in which neither A’ nor B’ contains the identity, consider 
groups (6) and the correspondences 


bi, at w~ at 
i being any positive integer. Then, inversely, 


while any element of B corresponds only to the indicated elements of A. The 
correspondence obeys the definition in § 6. 
9. THEoREM. Jf one of the semi-groups A’ and B' is a qroup, the other is. 
Suppose that B’ is a group. Let a’ be any element of A’, and let 5 be one 


of the elements of B which correspond to « Since J, ~ a’, then bJ,~ 


a Hence disin B’. Then lies in the group B’. Hence 
I, = b~ a 


so that w’-' lies in A’. Hence A’ is a group. 

I. If or includes only a finite number of elements, A’ 
and 2’ are groups. 

CoroLuary II. If the groups A and B are isormorphic in the usual special 
sense so that there exists a mutual correspondence between their elements such 
that to each element of A corresponds an unique element of B and to each 


element of 4 corresponds one or more elements of A, and such that «, “~ b. b, 


if a,~b,. “o~ b., then the elements of A which correspond to the identity of B 


form a group. 
THE UNIVERSITY OF CHICAGO, 
November SO, 1904. 


A SET OF POSTULATES FOR ORDINARY COMPLEX ALGEBRA* 


BY 


EDWARD V. HUNTINGTON 


Introduction. 


The well-known algebra which forms one of the main branches of elementary 
mathematics is a body of propositions expressible in terms of five fundamental 
concepts—(the class of complex numbers, with the operations of addition and of 
multiplication, and the subclass of real numbers, with the relation of order)— 
and deducible from a small number of fundamental propositions, or hypotheses. 

The object of the present paper is to analyze these fundamental propositions, 
as far as may be, into their simplest component statements, and to present a list 
which shall not only be free from redundancies, and sufficient to determine the 
algebra uniquely, but shall also bring out glearly the relative importance of the 
several fundamental concepts in the logical structure of the algebra. 

A more precise statement of the problem is the following: we consider two 
undefined classes, A’ and C’; two undefined operations, which we may denote by 
¢ and ©; and an undefined relation, which we may denote by ©; and we impose 
upon these five (undefined) fundamental concepts certain arbitrary conditions, or 
postulates, to serve as the fundamental propositions of an abstract deductive 
theory (the other propositions of the theory being all the propositions which are 
deducible from the fundamental propositions by purely logical processes) ; the 
problem then is, to choose these fundamental propositions so that all the theo- 
rems of algebra, regarded as formal or abstract propositions, shall be deducible 
from them—the class AT and C’ corresponding to the classes of complex and real 
numbers, respectively, and the symbols ©, ©, and © to the ordinary +, x, 
and <. 

Furthermore, the set of postulates, to be satisfactory, must determine the 
algebra uniquely; in other words, the set of postulates adopted must be such 
that any two systems (A, C, @, ©, ©) which satisfy them all shall be simply 
isomorphic with respect to the fundamental concepts —that is, shall be capable 
of being brought into one-to-one correspondence in such a way that correspond- 


* Presented to the Society December 30, 1904. Received for publication January 28, 1£05. 
209 


| 

| 

| 

| 

| 


210 E. V. HUNTINGTON: A SET OF POSTULATES [April 


ing operations performed on corresponding elements shall lead to corresponding 


results (see the detailed theorem in § 8).* 

The ordinary algebra will appear, then, as one among many equivalent con- 
crete interpretations of the abstract theory —all the possible interpretations 
being called equivalent, with respect to the fundamental concepts K, C, 2, ©, 
and ©, because they are not distinguishable by any properties which can be 
stated in terms of these symbols.+ (Illustrations of such equivalent, or 
abstractly identical, systems will be given below in § 10.) 

Finally, for the sake of elegance, the postulates should be independent ; that 
is, no one of them should be deducible from the rest. 

A problem of this kind can be solved, no doubt, in a great variety of ways ; 
in fact, one has considerable freedom, not only in the choice of the postulates 
themselves, but also in the choice of the fundamental concepts in terms of which 
the postulates are stated. For example, in the present paper, the class C might 
easily be defined in terms of AY, 2, 5, and ©, instead of being introduced as 
a fundamental concept. Or again, it would be possible, I believe, to develop 
the whole algebra on the basis of a single fundamental operation, in terms of 
which C, ©, and © could all be defined.§ 

For the present purpose, however, I have not attempted to reduce the number 
of fundamental concepts to a minimum, but have sought to give a set of postu- 
lates which shall conform as closely as possible to familiar forms of presentation. 
With this end in view, I have omitted the circles from the symbols @, © and 
©, wherever it is possible to do so without confusion with the ordinary +, x ‘ 
and < of arithmetic; it must be constantly borne in mind, however, that the 


*A set of postulates having this property has been called a categorical set, as distinguished 
from a disjunctive set; see O. VEBLEN, Transactions, vol. 5 (1904), p. 346. The notion of 
equivalence, which had long been familiar in the case of two isomorphic groups, became in the 
hands of G. CANTOR the fundamental notion of his theory of classes (Mengeulehre, théorie des 
ensembles). 

tIn the case of any categorical set of postulates one is tempted to assert the theorem that if 
any proposition can be stated in terms of the fundamental concepts, either it is itself deducible 
from the postulates, or else its contradictory is so deducible ; it must be admitted, however, that 
our mastery of the processes of logical deduction is not yet, and possibly never can be, sufficiently 
complete to justify this assertion. My statement in the last footnote on page 17 of the present 
volume of the Transactions must therefore be taken, as Mr. H. N. DAvVIs first pointed out to 
me, with some qualification. Compare in this connection remarks by D. HILBERT in his address 
on the problems of mathematics at the Paris congress of 1900, translated in the Bulletin of the 
American Mathematical Society, ser. 2, vol. 8 (1901-02), especially pp. 444-445 ; also 
his ‘‘Axiom of Completeness’’ for real numbers in the Jahresbericht der Deutschen 
Mathematiker-Vereinigung, vol. 8 (1899), p. 183. 

t To do this, we have merely to demand the existence of a class C having all the properties 
mentioned in the postulates of groups II-V, below. The additional postulate required for this 
purpose would be thus in a high degree a compound statement. 

2 The operation I have in mind is the operation of taking ‘‘ the absolute value of the differ- 
ence of.”? 
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symbols +, x, and <, when used in this more general sense, are simply arbi- 
trary signs, having no properties not expressly stated in the postulates. 

Furthermore, in selecting the postulates, I have chosen only such statements 
as do not involve the assumption of the existence of any kind of numbers. 

It should be said, in conclusion, that no attempt is here made to give a meta- 
physical analysis of the concepts class, operation, and relation, on which the 
algebra is based, or of the laws of deductive logic by which its propositions are 
deduced —the discussion of these more fundamental notions, here assumed as 
familiar, being matter for the trained student of philosophy. I hope, however, 
that a paper like the present may be indirectly of service on the philosophical 
side of the subject, by enabling one to formulate very precisely the problems 


involved in the question: What is algebra? 


I have made use, in the course of the work, of results obtained in my pre- 
vious paper on real algebra, which will be found in the present volume of the 
Transactions.* To this paper, and to the Theoretische Arithmetik of STOLZ 
and GMEINER (1901-), as wellas the Principles of Mathematics, by BERTRAND 
RusseE.u (vol. 1, 1903), the reader is referred for bibliographical references. 
Compare also the addresses by Jostan Roycx+ and Maxime BOocuer at the 
Congress of Arts and Science, St. Louis, September, 1904, and a series of 
articles by Louis CouTurat in a French review. 


Part I. THE POSTULATES FOR COMPLEX ALGEBRA, AND DEDUCTIONS 
FROM THEM. 


We consider two classes, A and C, two operations, + and x, and a rela- 
tion, <, subject to the conditions prescribed in the twenty-eight postulates of 
this section. || Thesymbols a + } and a x 4 (or ab) may be read as the “sum” 
and the “ product’ of the elements a and J, by analogy with the ordinary lan- 
guage of arithmetic, while the relation a <b, or b> a, may be read “a pre- 


*E. V. HUNTINGTON, A set of postulates for real algebra, comprising postulates for a one-dimen- 
sional continuum and for the theory of groups, Transactions, vol. 6 (1905), pp. 17-41. — The 
statement on page 21, that the postulates 21-8 form a categorical set, is clearly erroneous, and 
is corrected in §4 below. Since this statement was mere’y parenthetical, the correction does not 
affect the rest of the paper. — In postulate 26, on pages 20 and 32, the element x in 2°) must be 
noted as ‘* different from X, ’’ in order to make the proof of independence for R3 conclusive. 

tJ. Royce, The sciences of the ideal, published in Science for October 7, 1904 (new series, 
vol 20, pp. 449-462). 

tM. BOcHER, The fundamental conceptions and methods of mathematics, published in the 
Bulletin of the American Mathematical Society, vol. 11 (1904-05), pp. 115-135. 

2 L. CouTurat, Les principes des mathématiques, in the Revue de Métaphysique et de 
Morale, vol. 12, 1904. 

|| A summary of these postulates will be given below, in § 9. 

Trans. Am. Math. Soc. 15 
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cedes 6,” or “ follows a.”* As already noted, however, these interpretations 
‘of the symbols are by no means the only possible ones (compare the examples 
below, in § 10). 


The postulates are arranged in five groups, numbered I-V. 


$1. The class WK with regard to + and x. 


The following thirteen postulates, I:1-13, make the class A a field + with 
respect to the operations + and x. 

The first seven postulates state the general laws of operation in the field, and 
are to be understood as holding only in so far as the elements, sums, and _pro- 
ducts involved are elements of A’. The remaining six postulates give the requi- 


site existence-theorems.” 


PostuLaTe Il. «a. (Commutative law for addition.) 

PostuLaTE 1,2. (a+b)+ce=a+(b+ec). (Associative law for addi- 
tion.) 

POSTULATE 1,3. Ifa b=a b’, then b=b’. 

This may be called the (left-hand) law of cancelation for addition. 

PostuLate ab=ha. (Commutative law for multiplication.) 

PostuLaTE 1,5. (ab)e=a(be). (Associative law for multiplication.) 

Postutate 1,6. 

This may be called the (left-hand) law of cancelation for multiplication. 

PostuLaTe 1,7. a(b+c)=(ab)+ (ac). 

This is the (left-hand) distributive law for multiplication with respect to addi- 
tion. 


Postuvate 1,8. Jf a and b are elements of K, then their * sum,” a +b, 
is an element of K; that is, there is an element s, uniquely determined by a and 
b, such thata+b=s. 

PosTuLaTE 1,9. There is an element x in AK, such 

From postulates I:1,2,3,8, it follows that there cannot be more than one ele- 
ment z such that z + z = z, and by postulate 1,9 there must be at least one such 
element. This unique element z is called the zero-element of the system, and 
will be denoted by 0, whenever there is no danger of confusion with the ordi- 
nary 9 of arithmetic. 

From the same postulates we have: 0 + «= a+ 0 =<a, for every element a. 
(For proof of this and the preceding statement see p. 23.) 

* The expressions ‘* before’’ and ‘after,’ etc., are preferable to the expressions ‘‘ greater ’’ 
and ‘‘less,’’ etc., in this connection, since the notion of size is not involved in the notion of order. ’ 


+Cf. E. V. Huntinaton, Note on the definitions of abstract groups and fields, with bibliog- 
raphy, in the present number of the Transactions. 
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PostuLaTE 1,10. Jf there is a unique zero-element 0, then for every ele- 
ment a there is an element a’ such thata+a' =0. 

From postulates 1:1,3,10, it follows that a’ is uniquely determined by a, and 
thata +a =a’ +a=0. This element a’ is called the negative of a, and is 


denoted by — a, so that 


Furthermore, every two elements a and / determine uniquely an element x 
such that a +2= 56; this element #, namely « = (—«)+ 4, is called their 


difference, b minus a, and is denoted by b — a, so that 
a+ (b—a)=hb. 


(The proof depends on postulates I:1,2,3,8,9,10.) The usual properties of sub- 
traction follow readily from this definition. * 

PostruLatTe Jf a and b are elements of then their product,” ab, 
is an element of WK; that is, there is an element p, uniquely determined by a 
and 6, such that ab = p. 

PostuLaTE [,12. Jf there is a unique zero-element 0 in A’, then there is an 
element y in W different from 0, and such that yy = y. 

From postulates 1[:4,5,6,11, we see that there cannot be more than one ele- 
ment w, different from 0, such that ws = wu, and by postulate I,12 there must 
be at least one such element. This unique element wu is called the unit-element 
of the system, and will be denoted by 1 whenever there is no danger of confusion 
with the ordinary 1 of arithmetic. 

From the same postulates we have: 1 x a=ax 1 =<a, for every element 
a. (Proof: if then u(ua) = (uu)a= ua, whence ua =a, by 1,6.) 

PosutTLate 1,13. Jf there is a unique zero-element 0, and a unique unit- 
element 1, different from 0, then for every element a, provided a is not 0, 
there is an element a” such that aa” =1. 

From postulates 1:4,6,13, it follows that a” is uniquely determined by a, and 
that aa” = a"a=1 (where a +0). This element a’ is called the reciprocal of 


1 
a, and is denoted by — , or 1/a, so that 


a(1/a)=(l1/a)a=1ifa+0. 


Furthermore, every two elements a and ), provided a + 0, determine uniquely 
an element y such that ay =: this element y, namely y = (1/«a)b, is called 


*It would probably be preferable, however, on both pedagogical and logical grounds, not to 
introduce the operation of subtraction at all, but to regard 4 — « always as the sum of the two 
elements 6 and —a. 
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b 
their quotient, b divided by a, and is denoted by ao b/a, so that 


(The proof depends on postulates 1:4,5,6,11,12,13.) The usual properties of 
division follow readily from this definition.* 
Now from the distributive law (postulate 1,7), which we have not yet utilized, 


we see that 
Oxa=ax0=90, 


for every element «. Then if @ is different from 0, its reciprocal, 1/a, will 
also be different from 0, since otherwise we should have 1=0. Hence the 
important theorem that if « and b are both.different from 0, their product is 
also different from 0; or in other words, a product ab cannot be zero unless 
at least one of its factors is zero. [Proof: if ab =0 and a +0, then 
b=1xb=(1/a)ax h=(1/a)x ab =(1/a) x 0=0.] 

These theorems are sufficient to show that any system ( A’, +, x ) which 
satisfies the postulates I:1-13 has all the properties of a jfie/d with respect to the 
operations + and x. To summarize: 

The elements of KA form an abelian group with respect to +: the elements 
excluding the zero of that group form an abelian group with respect to x; 
for every element a,ax0=0xa=0; and the operation x is distributive 


with respect to the operation +. 


We now consider the multiples, submultiples, and rational fractions of any 
element of the field. ; 

Assuming the system of the ordinal, or natural, numbers, the characteristic 
properties of which are summarized in PEANO’s five postulates (see page 27), we 
define the mth multiple, ma, of any elememt a by the usual recurrent formule 


la=a, 2a=la+a, 3a=2a+a, ---, (k+1l)a=ka+a, 


where 1, 2,3,---, 4, ---, m denote ordinal numbers, and /: + 1 the arithmet- 
ical sum of / and 1. 

The mth submultiple of a, denoted by a/m, is then defined by the equation 
a/m =a] (mu),+ from which we have m(a/m) =a. 

From these definitions it follows at once that p(a/q) = ( pa)/q, so that we 
may denote either member of this equation by pa/q. 

*It would probably be preferable, however, on both pedagogical and logical grounds, not to 
introduce the operation of division at all, but to regard 4/a always as the product of the two 
elements } and 1/a. 

t The unit-element of the field is here denoted by u, instead of by 1, to avoid confusion with 
the number 1. 
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Any element of the form pa/q (where p and q are ordinal numbers) is ealled 
a rational fraction of a. The following theorems on rational fractions in which 
m,n, p, g denote ordinal numbers, are readily deduced from the properties of 
a field : 
mpa pa pa ma (np+mq)a 
=" 3 ; (¢) 


meq q q qt q n qu 


pa ma pi a 
— x = 


(@) 


It should be noticed that we cannot yet infer from ma = na that m=n, 
since, as far as postulates I:1-13 are concerned, the field may be finite, that is, 
contain only a finite number of elements.* (See below, under postulate 1V, 2. 


§ 2. The subclass C, with regard to + and x. 


The following seven postulates, I11:1-7, make C’ a subclass in A’, which shall 
be, like A’, a field with respect to the operations + and x. 

PostuiateE II,1. Jf a is an element of C, then a is an element of 

Postu.aTE II,2. The class C contains at least one element. 

PostuatTeE II,3. Jf a is an element of C, then there is an element b in C, 
such that a == b. 

These three postulates tell us that C is a subclass in A’, containing at least 
two elements. 

Posruiate II,4. Jf a and b are elements of C, then their sum, a + b, if 
it exists at all in KY, is an element of C. 

PostuvaTeE 11,5. Jf a is an element of C, then its negative, —a, if it 
exists at all in WK’, is an element of C. 

Hence the zero element, 0, of A’ is an element of C’. 

PostuLateE I1,6. Jf a and b are elements of C, then their product, ab, if 
it evists at all in KY, is an element of C. 

PostuLaTE 11,7. Jf a is an element of C, then its reciprocal, 1/a, if it 
exists at all in KY, is an element of C. 

Hence the unit element, 1, of A’ is an element of C. 

Now by virtue of postuiate II,1, all the general laws of operation, I:1-T, 
hold as well for the subclass C’ as for the whole class A’; hence the postulates 
of I and II make the subclass C, like A’, a field with respect to + and x. 

It should be noticed that the subclass C’ may be identical with A’, as far as 
the postulates of I and II are concerned. (See § 6.) 


§3. The subclass C, with regard to <. 
In the following five postulates, I1I:1-5, we impose further restrictions on the 
subclass C’, which, together with the postulates I1:2-3, make the class C’ a one- 


* As is well known, the number of elements in a finite field must be a prime number, ora 
power of a prime. 
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dimensional continuum (in the sense defined by DEDEKIND) with respect to the 
relation <. (On the use of the word continuum, see remarks in $4.) The fifth 
postulate, III.5, however, proves to be a consequence of the other four, when the 
properties of the field (I and II), and the postulate IV:1-2 are utilized ; it 
should therefore not be included in the final list. 

Postuuate Jf a and b are elements of C, and a+b, then either 
ac b or else a> 

PostuLate Jfa<b, thena+hb. 

That is, the relation < is non-reflexive throughout C. 

Posrutate Jf a, b and e are elements of C, and if and 
b<c, thenu<c. 

That is, the relation < is transitive throughout C. 

From III:2-3 we see that the relations @ << 4 and a> 6 cannot both be true ; * 
that is, the relation < is non-symmetric for every pair of elements in C. 


Hence, if « and b are elements of C, we must have either 
a= or ae b, ora> 


and these three relations are mutually exclusive. 

Jf Tis a non-empty subclass in C, and if there is an 
element b in C such that every element of TU precedes b, then there is an ele- 
ment Xin C having the following two properties with regard to the subclass T: 

1°) every element of r precedes NX or is equal to NV; while 

2°) if w’ is any element of C which precedes A, then there is at least one 
element of T which follows a. 

This is the postulate of continuity in the form essentially due to DEDEKIND.+ 

The element ._Y, which is readily seen to be uniquely determined by the sub- 
class [’, is called the “upper limit” of [°, or sometimes its * least upper bound.” 
From III:1-4 ean be deduced, as on page 20, the following theorem, which is 
DEDEKIND’s original form of the postulate of continuity : 

If the elements of C are divided into two non-empty classes, T and YT’, such 
that every element of C belongs either to V or to T’, and if every element of 
I’ precedes every element of ', then there is an element X in C which has the 
following properties 

1°) every element of C which precedes X belongs to T; and 

2°) every element of C which follows X belongs to T’. 

It should be noticed in regard to this postulate of continuity, so-called, that 
all the postulates I1I:1-4 might be satisfied by a discrete assemblage ; in order 
to introduce the property of density, we add the following postulate, III,5 : 

*In my previous paper ($1) this proposition, at least for the case a + 5b, was used asa postu- 
late, the other postulates being ‘‘ weakened ”’ to allow of its independence. It has not seemed 
worth while to carry the analysis so far in the present article. 

t Loe. cit., below. 
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Postulate U11,5. If «a and + are elements of C, and a < bd, then there is at 
least one element « in C, such that a <2 and x<b. Such elements x are 
said to lie between a and b. 

These five postulates, I1I:1—5, together with postulates II:2-3 (which merely 
tell us that the class C contains at least two elements), make the class C’ a one- 
dimensional continuum, in DEDEKIND’s sense, with respect to the relation < 
(see § 1 in my previous paper). 

The postulate III,5 is not printed in italics, because, as already stated, when 
we utilize the postulates of I, II and IV, as well as those of III, it can be shown 
to be redundant. The proof will be given in § 5. 


$4. Note on the use of the word “ continuum.” 


The term one-dimensional (or linear) continuum with respect to the relation 
of order (<), as used in this and my previous paper, must be understood not 
in the exact sense defined by CANTOR* in 1895, but in the older and wider 
meaning in which the word was used by DEDEKIND} and WEBER. ¢ 

DeEDEKIND would call any system ( A’, <) which has at least two elements and 
satisfies the postulates II]:1—5, a continuum. 

CanTOR restricts the term to systems which possess not only all these prop- 
erties, but also two further properties, namely: 1) the class A’ shall have a first 
and a last element; and 2) the class A’ shall contain a denumerable subclass, 
R, such that between every two distinct elements of HK there shall be at least 
one element of 2.§ (A denumerable class means an infinite class which can be 
placed in one-to-one correspondence with the class of natural numbers.) || He 


*G. CANTOR, Beitrége zur Begrundung der transfiniten Mengenlehre, Mathematische Anna- 
len, vol. 46 (1895), p. 510; French translation by F. MARoTTE, Sur Jes fondements de la théorie 
des ensembles transfinis, 1899, p. 42. Cf. B. RUSSELL, loc. cit., chap. 36, and L. CouTURAT, loc. 
cit., pp. 664-675. 

+t R. DEDEKIND, Stetigkeit und irrationalen Zahlen, 1872 ; English translation by BEMAN. 

{ H. WEBER, Algebra, vol. 1 (1898), pp. 4-12. , 

4 Compare also A. N. WHITEHEAD, in a footnote on p. 299 of B. RUSSELL’s Principles of 
Mathematies, vol. 1 (1903). 

| The term abzihlbar, introduced by G. CANTOR in 1879 [Mathematische Annalen, vol. 
15 (1879), p. 4; vol. 20 (1882), p. 116; vol. 21 (1883), p. 550], and uniformly translated in 
French by dénombrable [Acta Mathematica, vol. 2 (1883), p. 365; Formulaire de 
Mathématiques, vol. 4 (1903), p. 130], has been variously rendered in English. The Cen- 
tury Dictionary gave enumerable in 1889; but the editor in charge of the mathematical vocabu- 
lary, Mr. C. 8. PEIRCE, has since used numerable, and finally denumerable, in his own writings 
[see Monist, vol. 2, p. 541, 1892; and especially vol. 7, p. 214, 1897]. Enuinerable is also the 
form proposed by Professor Oscoop [American Journal of Mathematics, vol. 19, p. 161, 
1897], and by Professor BEMAN | Bulletin of the American Mathematical Society, 
vol. 3, p. 174, 1897]. At least one writer, W. H. YouNG, uses countable [ Proceedings of the 
London Mathematical Society, vol. 34, p. 285, 1902, and later papers] ; while the Ency- 
cyclopedia Brittanica prefers numerable (article ‘*‘ Number,’’ vol. 31, p. 282, 1902 ; G. B. Mat- 
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then shows* that any two systems which satisfy this definition of the linear 
continuum are ordinally similar, and equivalent to the class of real numbers 
from 0 to 1 inclusive, as far as the relation << is concerned. His postulates 
therefore form a categorical set, with regard to the relation <. 

DepEKIND’s definition, on the other hand, is not categorical, but admits 
various non-equivalent types of order. This possibility is due not merely to the 
ambiguity in regard to the presence or absence of end points, but rather to the 
omission of CANTOR’s second requirement, concerning the existence of a denum- 
erable subclass within the system. This remarkable postulate is independent 
of all the other properties, as may be shown by the following example : + 

Let A = the class of all complex numbers (a, 8) in which a and 8 are real 
numbers such that 0 = «=1 and 0 =8=1; with (a,,8,) 8,) when- 
ever a, < and if a, = ,, then whenever 8, < 8,. 

This system (which can be stated, if one prefers, in geometric terms) satisfies 
all of DEDEKIND’s postulates, and has a first element, (0, 0), and a last element, 
(1,1); but it is not a continuum under CAnrTor’s definition, since it is not 
possible to find within it a denumerable subclass of the kind required.t 

CantTor’s definition is thus clearly superior to DEDEKIND’s for the purposes 
of a purely ordinal discussion of the continuum ; if, however, as in algebra, the 
elements of the system considered are not only connected by the relation of 
order, but are also combined by the operation of addition,$ then DEDEKIND’s 
definition may be, as it is in this paper, amply sufficient. It is therefore perhaps 
not undesirable that both definitions should remain in current use. 

A further analysis of CANTOR’s last postulate, with a general discussion of 
geometric continuity, will be found in a paper by O. VEBLEN in the present 


pumber of the Transactions. 


$5. Further postulates for subclass C. 
The following two postulates, [V:1-2, serve to connect the operations + and x 
and the relation <, within the subclass C’, and make it equivalent to the class 


of all real numbers with respect to +, x, and <. 


THEWS]. The form denumerable is the form adopted by RUSSELL and WHITEHEAD in their Prin- 
ciples of Mathematics, and seems to me preferable to the other terms because it avoids a suggestion 
of finitude (cf. PEIRCE, loc. cit., 1897). I am also following RussELL and WHITEHEAD, and 
many Italian writers, in translating Menge (Mannigfaltigkeit, ensemble, insieme, aggregato) by 
class instead of by manifold, mass, set, ensemble, collection, assemblage, or aggregate. 

* Loe. cit. 

+ Cf. H. WEBER, loc. cit., p. 11. 

t For, there would have to be elements of the subclass for every value of « between 0 and 1, 
and these values of « form an infinite class which is not denumerable. 

§ WEBER, loc. cit., speaks of such systems as systems which admit measurement (messbare 


Mannigfaltigkeiten ). 


| 
| 
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PostuLaTE IV,1. Within the class C, if thn a+ecaty, 
whenever* 

From this postulate we have at once: if a>0andb>0,thena+b>a; 
and if a <0 and } <0, then a+ 6 <a (compare postulates 22A1 and RA2 
in my previous paper, page 25). Hence, if we define positive and negutive 
elements as those elements of C’ which are > 0 and <0 respectively, we can 
show that if a <b then there is a positive x such that a + « = 6, and con- 
versely, if # is positive ina + a2=b,thena <b. [Proof as for theorem 14 
on page 26.] 

PostuLaTE 1V,2. Within the class C, if a> 90 and b> 90, then ab>0O. 

By the aid of this postulate it is easy to show that the product, ab, of two 
elements of C’ will be positive when a and b are both positive or both negative ; 
and negative if a and b are of opposite signs (compare theorem 33 on page 40), 
Hence the unit-element 1, or w, with all its multiples and submultiples, will be 
positive; } and therefore all the multiples and submultiples of any positive ele- 
ment « will also be positive. 

We are now in a position to prove the theorem of density, which was stated 
provisionally in § 3 as postulate III,5. The proof, which involves all the pos- 
tulates I-IV, is as follows: If a< b, b — a will be positive, and if we take 
e = (b —a)/2, ¢ will also be positive; if then we take # = « + ¢ (from which 
follows « + ¢ = b), we find at once that a < wand a <b. 

It thus appears that all the postulates of the set for real algebra given in the 
appendix of my previous paper (page 39) are satisfied by the class C’; hence, 
in any system ( A’, C, +, x, <) which satisfies the twenty-six postulates of 
groups I-IV, the subclass C’ will be equivalent to the class of all real numbers 


with respect to +, x, and <. 


$6. Note on real algebra. 


As we have just seen, any class C’ which is a field with respect to + and x , 
and possesses DEDEKIND’s property of continuity with respect to <, and satis- 
fies the postulates 1V:1-2, will be equivalent to the class of all real numbers 
with respect to +, x , and <. 

Hence the twenty-six postulates of groups I-LV, with an additional postulate 
demanding that the class A’ shall contain no elements which do not belong to 
C’,, would form a categorical set of postulates for real algebra. 


* This proviso makes possible the proof of the independence of postulate I,3, which would 
otherwise be deducible from IV,1, with the aid of III,2. 

+ For, if we suppose u << 0, then—w> 0, whence u< (—u) <0, or —u <0, and therefore 
u>0O. The multiples of wu will form an ascending sequence: u< 2u< 3u<-:--; whence: 
if mu = nu, then m =n; or more generally, if ma = na, and a + 0, then m= 2, where m and n 
are ordinal numbers. 
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On the other hand, these same twenty-six postulates, with the addition of the 
two postulates of group V, below, form a categorical set for complex algebra. 

We may say, then, that the postulates of groups I-IV contain the properties 
common to both real and complex algebra. 


§7. Postulates peculiar to complex algebra. 


The two following postulates, V:1-2, which complete the list of postulates for 
complex algebra, concern the existence of elements of A’ which do not belong 
to the subclass C’. 

PostuLaTe V,1. Jf K is a field with respect to + and x , then there is 


an element j in K such that jj = —1 (where —1 is the negative of the unit- 
element of the field). 
If i is one element which has this property (namely, ii = — 1), then — i will 


have the same property; and this will be true of no other element besides these 
two. That is, the element j whose existence is postulated in V.1 is not uniquely 
determined, but may have two values, one the negative of the other. Which 
of these values we shall denote by i and which by —i is a matter of arbitrary 
choice. 

Neither i nor — i can be an element of C’, since the square of every element 
of C’ is positive or zero; hence, if # and y are elements of C, the product iy 
and the sum x + iy will be elements of A’ which do not belong to C unless 
y=9. This gives us the important theorem that if 2 + iy = a’ + iy’, where 
v,y,x,y', belong to C, then x and 

The next, and last, postulate demands that the class A’ shall contain no further 
elements, that is, no elements not expressible in the form « + iy, where # and y 
are elements of C’. 

PostuLaTE V,2. Jf K and also C are fields with respect to + and x ,and 
if there is an element i such that ii = —1 (see postulate V,1), then for every 
element a in K there are elements x and y in C such vhat « + iy=a. 

We are now in a position to establish the categorical character of the whole 


set of postulates. 


§$ 8. Proof of the equivalence of all systems that satisfy the postulates I-V. 


The following theorem for complex algebra is analogous to the theorem num- 
bered 37 in my paper on real algebra (see page 40), and is proved in a similar 
way. 

If (K, C, +, x, <)and( KH’, C’, +, x, <) are any two systems sutis- 
Sying the twenty-cight postulates of groups I-V, then these systems are EQUIV- 


* Thus, from iy=«2’ + iy’ follows = i(y’ —y); hence y’—y=0, and therefore 


i 
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ALENT, 07 ABSTRACTLY IDENTICAL, with respect to A, C, +, x, and <: that 
is, the classes K and K' can be brought into one-to-one correspondence in 
such a way that if a’, b’, ete., are the elements of K’' which correspond to the 
elements a, b, etc., in A, then we shall have : 

1°) the subclass C corresponds to the subclass C’ ; 

2°) ifa+b=c, thena +b =c’, and conversely ; 

3°) if ab=c, then a’b’ =c’, and conversely ; 

4°) within the subclasses C and C’, if a <b, thena’ <b’, and conversely. 

In other words, the twenty-eight postulates form a categorical set.* 

The proof of the theorem consists simply in bringing the elements of C’ in 
K into correspondence with the elements of C’ in A’’, as in the proof of the 
analogous theorem for real algebra, and then making the element i in A’ corre- 
spond to the element ‘’ in A’. Then every element x + iy in A’ will corre- 
spond to an element x’ + iy’ in A’’, where x’ and y’ are the elements in C’ 
which correspond to the elements « and y in C. 

It should be noticed that this correspondence between two equivalent systems 
can be set up in two, and only two, ways; the only ambiguity resulting from 
the arbitrary choice of the element i (see postulate V,2)+. 


Part Il. StuMMARY OF THE POSTULATES, AND PROOF OF THEIR 
CONSISTENCY AND INDEPENDENCE. 


In this part, for convenience of reference, I give a list of the twenty-eight 
postulates of groups I-V, using the general symbols ©, ©, ©, 2, and wu, 
instead of the symbols +, x , <, 9, and 1; these latter symbols are used, in 
this part, only in their ordinary arithmetic meanings. 

Next, I give some examples of systems (A, C, , ©, ©) which satisfy all 
the twenty-eight postulates. These systems, as has just been shown, are all 
equivalent, or abstractly identical, with respect to @, ©, and ©; the existence 
of any one of them proves the consistency of the postulates. 

Finally, I give, for each of the twenty-eight postulates, an example of a system 
(A, C, &, ©, ©) which satisfies all the other postulatus, but not the one in 
question, thus establishing in the usual way the independence of all the postu- 
lates. 

In constructing these systems, the existence of the ordinary systems of real 
method from the system of 


and complex numbers, as derived by the * genetic ’ 
the natural numbers, is assumed, as well as the usual geometric representations 
of these numbers by points of the plane or the sphere. 


* See the first two footnotes in the introduction, above. 
tSpeaking in geometric terms, the complex plane has two aspects: the first plane may be 
rotated through 180° about the axis of reals before being applied to the second plane. 
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$9. List of the postulates. 

Before giving the postulates themselves, it will be convenient to repeat the 
more important definitions which have been used in the course of the work. 
All these definitions are simply abbreviations, introduced in order to avoid 
tedious circumlocution. 

DEFINITION 1. If there is a uniquely determined element z such that zz = z, 
then z is called the zero-element, or zero. 

DeriniTion 2. If there is a unique zero-element z (see definition 1), and if 
there is a uniquely determined element w, different from zero, and such that 
u@u=u, then x is called the wnit-element, or unity. 

Derinition 3. If there is a unique zero-element z (see definition 1), and if a 
given element a determines uniquely an element a’ such that a ¢ a’=z, then 
a’ is called the negative of a, and is denoted by — «. 

DeriniTIONn 4. If there is a unique zero-element z and a unique unit-element 
u (see definitions 1 and 2), and if a given element a, different from z, deter- 
mines uniquely an element «” such that « © a” = u, then a” is called the recipro- 
cal of a, and is denoted by 1/a. 


The first seven postulates, giving the general laws of operation in the system, 
are to be understood to hold only in so far as the elements, sums, and products 
involved are elements of A’. 

PostuLaTE 11. achb=bea. 

PostuLaTeE 1,2. 

PostuLtaTE 1,8. 

PostuLaTE 1,4. aob=boa. 

PostuLaTE 1,5. 

PostuLaTE 1.6. Ifa b=)’. 

PostuLaTE 1.7. 

PostuLatTe 1,8. If « and are elements of A’, then a is an element 
of A’. 

PostuLaTE I, 9. There is an element in A’ such that 

PostuLate 1.10. If there is a unique zero-element z in A’ (see definition 1), 
then for every element a in A’ there is an element a’ in A’, such that a ¢ a’=2z. 

PostuLate [,11. If «a and + are elements of A’, then a © 6 is an element 
of AK. 

PostuLaTE 1,12. If there is a unique zero-element, z, in A’ (see definition 1), 
then there is an element y in A, different from z, and such that y © y= y. 

PostuLaTe [,13. If there is a unique zero-element, z, and a unique unit- 
element, «, different from z, in A’ (see definitions 1 and 2), then for every ele- 


ment « in A’, provided a + z, there is an element a” in A such that a © a” =u. 


| 
| 
| 
| 
| 
} 
| 
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The postulates 1:1-13 make the class HK a field with respect to e and ©. 


PostuuaTeE II,1. If a is an element of C, then a is an element of A. 

PostuLaTeE II,2. The class C contains at least one element. 

PostuuaTe II,3. If @ is an element of C, then there is an element 0 in 
C, such that a + db. 

Postuvare II,4. If a:and } are elements of C, then a = d, if it exists in 
K at all, is an element of C. 

PostuxaTe II,5. If a is an element of C, then its negative, — a (see 
definition 3), if it exists in A’ at all, is an element of C. 

Postu.aTE II,6. If a and are elements of C, then a © if it exists in 
K at all, is an element of C. 

PostuuaTe II,7. If @ is an element of C, then its reciprocal 1/a (see 
definition 4), if it exists in A’ at all, is an element of C’. 

The postulates I1:1-7, taken with the postulates 1:1-13, make the sub-class 
C, like the class K, a field with respect to @ and 


PostuLaTeE III,1. If a and are elements of and a + b, then either 
agborelseag hb. 

PostuLateE IIT,2. If aoh, then a +b. 

Postu.ate III,3. If a, 4, and care elements of C,andifaoband boc, 
then aoe. 

PosruLate III,4. If I is a non-empty subclass in C, and if there is an 
element 6 in C such that « ©} for every element 2 of I’, then there is an ele- 
ment Y in C having the following two properties with regard to the sub-class I’: 

1°) if a is an element of I, then 2 @ Y or a= X; while 

2°) if #’ is any element of C such that «’ © Y, there is an element & in [ 
such that 6 2’. 

The postulates UI:1-4 and 11:2-3, taken with the redundant postulate 
III,5 (which is here omitted), make the sub-class C a one-dimensional con- 


tinuum with respect to ©, in the sense defined by DEDEKIND. 


PostuLtaTE IV.1. If a,2,y,a9x, and agy are elements of C, and 

PostuLaTe IV,2. If a,b, and aob are elements of C, and a and 
b oz, then a © b oz (where z is the zero-element of definition 1). 

The twenty-six postulates of groups I-IV make the sub-class C equivalent 


to the class of all real numbers with respect to @, ©, and ©. 


PosruLaTE V,1. If A’ is a field with respect to @ and ©, then there is an 
element j in A’ such that j oj = —~, where — wis the negative of the unit- 
element of the field (see definitions 2 and 3). 


* Cf. footnote under postulate IV,1, above 
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PostuLaTe V,2. If A and also C are fields with respect to @ and ©, and 
if there is an element i such that i © i = — u (see postulate V,1), then for every 
element « in A’ there are elements x and y in C such that x o(ioy)=a. 

These twenty-eight postulates make the class W’ equivalent to the class of all 
(ordinary) complex numbers with respect to 2, @, and ©. (See the theorem 
in § 8.) 

$10. The consistency of the postulates. 

To prove that these postulates are consistent—that is, to prove that contra- 
dictory propositions can never be deduced from them by the processes of formal 
logie—it is sufficient to show the existence of any system (AY, C, @, ©, ©) in 
which all the postulates are satisfied ; for then the postulates themselves and all 
their logical consequences express properties of this system, and must therefore 
be free from contradiction (since no really existent system can have contradictory 
properties ).* 

The following systems, all of which are equivalent, or abstractly identical, 
with respect to A, C, ©, ©, and ©, are examples of systems which satisfy all 
the postulates : 

1) A =the class of ordinary complex numbers (that is, the class of all 
couples of the form (x, y), where # and y are real numbers), with © and © 
defined as the ordinary + and x; C= the class of real numbers (that is, the 
class of DEDEKIND’s “cuts,” or the class of CANTOR’s “fundamental 
sequences”), with © defined as the ordinary <. Here z=0, w=1, and 


2) A = the class of all the points in a plane (the ordinary “complex plane”’), 
with @ and © defined in the usual geometric manner ;+ C = the points of a 
fixed straight line in the plane (the “ axis of reals ”’), with © defined as “ on the 
left of.” Here z is the point (0,0), w the point (1,0), and j the point 
(9,1) or(0,—1). 


* This statement, of course, makes large assumptions in regard to the objective validity of our 
processes of logical deduction. In this connection see the second of the problems proposed by 
D. HILBERT at the Paris congress of 1900 (loc. cit.) and an article by A. PADOA in L’En- 
seignement Mathématique, vol. 5 (1903), pp. 85-91. 

t Thus, the point a + b is the point reached by starting from a and travelling a path equal in 
length and direction to the path from O to b ; while the point a> b is the point whose “ angle”’ 
(from OX ) equals the sum of the angles of a and lb, and whose **distance’’ (from O) equals the 
product of the distances of a and b. Here the product, x, of the two distances, « and 3, may be 
defined geometrically by the proportion x: a= 3:1; or it may be defined in terms of measure- 
ment, as follows: let 


a=lim and 3=lim (=), 
qn 


where the pn/qn an@r,/s, are successive rational approximations to the lengths of « and 3 ; then 
the sequence of products parn/ gs, Will have a limit, and this limit will be the required product 
of a and 3. [Cf. E. V. HUNTINGDON, Strassburg dissertation, Die Grund-Operationen an abso- 
luten und complexen Groéssen in goometrischer Behandlung, Braunschweig, 1901. ] 


iy 
| 
| 
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System (1) is an “arithmetical’’ system, of which (2) is the “geometrical 
representation.” 

In the following systems, the “complex numbers’’ employed may be inter- 
preted in either way, the geometric phraseology being perhaps the most conven- 
ient. All these systems are obtained from (1) or (2) by a projective transfor- 
mation of the plane, as explained below. 

3) A = the class of ordinary complex numbers; ae) = a+b; aob= kab, 
where /: is any real number not zero; C’ = the class of real numbers, with © de- 
fined as < or as >, according as k is positive or negative. 

Here z = 0,u=1/h, and j= +(1/hk)V —-1. 

4) AK = the class of ordinary complex numbers: a@b = ab/(a + b), except 
that b= a-+ b whenever a or or a+b is zero: a0 b = ab: C = the 
class of real numbers, with © defined as the ordinary <, except that 
(a @b)=(a> b) whenever a and b are both positive or both negative. 

Herez = —1. 

It will be noticed that the ordinary meaning of addition is preserved in 
system (3), and that of multiplication in system (4). 

5) A =the class of ordinary complex numbers; a@b=a+b—h, and 
aob=kab—hk(a+b)+h(1 + hk), where and are any real or complex 
numbers, provided & + 0;* C’'=the class of complex numbers whose corre- 
sponding points, in the complex plane, lie on the straight line through the two 
points 2 and (1/4) + 4; with © defined as the relation of order along this line, 
the forward direction being so chosen that h © (1/4) + h. 

Here z=h,u=(1/k)+h, —u=—(1/k)+h, andj=+(v—1/k)+h. 

6) Let a, 8, y, & be any real or complex numbers such that 25 — By + 0: 
and let 7’, for the moment, stand for the class comprising all the ordinary com- 
plex numbers together with an extra element to be denoted by @. (Geometri- 
cally speaking, F’ is the class of all the points on the complex sphere. including 
the * North Pole,” .)+ We then define A, ¢, ©, Cand © as follows: 

A = all the elements of F’, excluding one point, P, where if y+9, 
P=a/y, and if y=0, P=o. 

If a + wand b + a, then 


(2ayé — By*)ab — 8(a+b)4+48 
Sab — By? (a+ b) + 2aBy — 


apr = 


except when the denominator is zero, in which case a ¢ b =a. 


If a + w and / + a, then 


* For an especially simple case, take h = —1 and k= 1. 
+ The complex sphere, omitting the North Pole, is the stereographic projection of the complex 
plane. 
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(By? + 28) ab — (aBy + +b) + (B+ af’) 
+ 778) ab — ( + ayd)(a + 4+ + 278)’ 
except when the denominator is zero, in which case ao b= @. 
If a=, or b =a, or both, then a @ 6 and ao b are defined as the limits 
of the expressions above, when @ is replaced by 1/2 and x approaches 0; it 


aob= 


being understood that (on the sphere) 


tim | = @. 


With these definitions of = and ©, the class A proves to be a field * in 
which z and u have the following values : 


We then take C’ = the class of all the points on the circumference of a circle 
drawn on the sphere through the three points P, z, and w, excluding the point 
P;+ the relation © being defined as the relation of order along this curve in 
the direction P—z—u—FP. 

[This system (6), which includes the preceding systems as special cases, was 
suggested to me by Professor C. L. Bouton, who had noticed that the general 
formule 

and 
agb=f[f"(a)x f-"(6)], 


in which f and its inverse f~' are single-valued functions, provide a pair of 
operations which satisfy, in general, the postulates for a field with respect to ¢ 
and ©. In the present example, 
f(#)= 


ad — ,3) 


This transformation (which is the general projective transformation) carries the 
system (1) into the system (6), the points 0, 1, and the excluded point @ in sys- 
tem (1) going over into the points z, w, and the excluded point P in system (6). 
To obtain the system (3), use =2/k. To obtain (4), take f(a#) = 1/2, 
and afterwards denote the point by the symbol 0 (the excluded point being 
here P= 0). To obtain (5), use the transformation = (#/k) + h.] 
* It is especially important to notice that the values of a 9 b and a © b, as given by the defi- 


nitions, are determinate, and belong to the class K, whenever a and J are elements of K. 
t It should be noticed that under the given conditions no two of these three points can coin- 


cide. 


| 
| 
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§ 11. Zhe independence of the postulates.* 


The independence of the postulates is proved by the following twenty-eight 
systems, in each of which A, ©, ©, C, and © are so defined as to satisfy the 
twenty-seven other postulates, but not the one in question. No one of the 
postulates, then, can be deducible from the others; for if it were, every system 
which had the other properties would have this property also, which is not 
the case. 

For 1,1. A = all positive real numbers; agb=b: aob=ab; C=K; 
o=m<. 

For 1,2. A = all real numbers; ag b=(a+6)/3; aob=ab; C=K; 
o=<. 

For 1,3. K = all real numbers; ao b=0;aob=ab; C=H: o=K<. 

For 14. A = all real numbers; ce@b=a+b; aob=b: CHK; 
O=<. 

For 1,5. A = the class of all couples (a, 8) in which a and 8 are real 
numbers; with 


B,) @ (a, B,) = (a, + B, + B,) 
B,) © (4,, B,) — B,B,, — 4,8, a, 8, ); 


and 


C = the class of real numbers, with o =<. (If we represent these couples as 
points « + 78 in the complex plane, ¢ will be the ordinary addition of complex 
numbers, and © will be the ordinary multiplication followed by reflection in the 
axis of a.) 

For 1,6. The same system as for I,5, except that here (a,, 8,)0(4,, B,) 
= (4, 4,, B, at, + a, B, + 8, B,). 

For 1,7. A = all real numbers; aeb=a+b; aob=a+b4l1; 
C= K; <. 

For 1:8-13. In constructing the proof-systems for these postulates, 6, 0, 
and © are defined as the ordinary +, x, and < (except as to © in the case 
of I,11), and the subclass C’ is taken identical with A’; class A’ itself being 
defined appropriately for each case, as follows : 

8) A’ = the class of the three real numbers — 1, 0, and 1. 

9) A = all positive real numbers. 

10) A = all positive real numbers with 0. 

11) A= all real numbers; © b= ab when ab = 0 or 1; otherwise a b 
not in the class. 


*T am greatly indebted to Mr. G. D. BIRKHOFF, of the Harvard Graduate School, who has 
read this section in manuscript, and checked the correctness of the proofs of independence. 

{ This is the method of proving independence which has become familiar during the last 
decade, especially through the work of PEANO, PADOA, PIERI, and HILBERT ; but the remark 


made in the first footnote in § 10, concerning the proof of consistency, applies also here. 
Trans. Am. Math. Soc. 16 
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12) A = all even integers. 

13) A = all integers. 

For I1,1. A = all complex numbers of the form (x, y), where x and y are 
rational; C = all real uumbers; with 9, ©, and © defined as the ordinary 
+, x,and <. 

For 11:2-7. In constructing the proof-systems for these postulates we take 
K = all complex numbers, and define @ and © as the ordinary + and x; the 
subelass C and the relation © are then chosen appropriately for each postulate, 
as follows : 

2) C=an empty class. 

3) C =the class containing the single element 0; with 0 © 0 false. 

4) C =the class of all real numbers such that —1 =x =1; with o=<. 

5) C= all positive real numbers, with or without zero; © =<. 

6) C=all pure imaginary numbers, with 0; © defined so that a ob is true 
whenever a/i <b/i (where i= vy —1). 

7) C =all integers, or all even integers: =<. 

For I11:1-8. As the proof-systems for these postulates, take A’ = all com- 
plex numbers, and C= all real numbers, with @ and © defined as the ordi- 
nary + and x, and with © defined appropriately for each case, as follows : 

1) always false. 

2) a © always true within C. 

3) a © b always true within C when a+b; «a © a false. 

For I11,4. A =all complex numbers of the form (a, y), where x and y are 
rational; C’ = all rational real numbers; and ©, ©, and © defined as the 
ordinary +, x, and <. 

For 1V,1. A =all complex numbers; ¢ and © defined as the ordinary 
+ and x; C=all real numbers, with © defined as the ordinary <, except 
that (a ob) =(a>b) whenever a and + are both positive. 

For 1V,2. A =all complex numbers; agb=a+bh; aob=—ab; 
C = all real numbers, with © defined as the ordinary <. 

For Vl. A =all real numbers; C= A; &, ©, and © defined as the 
ordinary +, x and <. 

For V,2.* # =the class of all expressions 7’ of the form 


mt2 


T = A, + 1 A 


where ¢ is a parameter, and m any integer (positive, negative or zero), while the 
A’s are ordinary complex numbers. The operations ¢ and © are defined as 
the ordinary + and x for such (finite or infinite) expressions. The class C’ is 


*The systems for V,2 were suggested by the non-archimedean number-system given by D. 
HILBERT in his Grundlagen der Geometrie, 1899, § 33. In this connection compare also H. 
HANKEL, Theorie der complexen Zahlensysteme, 1867, § 31. 


| 
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the class of all those elements 7’ in which all the coefficients are zero except A,, 
and A) is real; that is, C = the class of real numbers. Within the class C’ 
the relation © is defined as the ordinary <. 

This system contains the system of ordinary complex numbers as a part of itself, 
just as the system of the ordinary complex numbers contains the system of real 
numbers. A still more inclusive system, still satisfying all the postulates except 
V,2, may be constructed by replacing the A’s in the expression above by expres- 
sions -++, of the form 


m+2? 


where s is another parameter, and n any integer, while the B’s are ordinary 
complex numbers. + 


The list of proofs of independence is thus complete. 


HARVARD UNIVERSITY, 
CAMBRIDGE, MAss, 


ON IMPRIMITIVE LINEAR HOMOGENEOUS GROUPS* 


BY 
H. F. BLICHFELDT 


1. The present paper is devoted first to the proof of a theorem fundamental 
in the construction of imprimitive linear homogeneous groups ¢ in a given num- 
ber of variables. Then, by means of this and earlier theorems given by the 
author on the subject of linear groups, +} JORDAN’s theorem, ¢ to the effect that 
the order of a linear homogeneous group G in 7 variables is of the form Af, 
where / is the order of an abelian self-conjugate subgroup of G, and X is less 
than a fixed number depending only upon 7, is proved for imprimitive groups, a 
number being found that ’ must divide. Finally, the principal imprimitive col- 
lineation-groups in 4 variables are found and their generating substitutions given. 

THEorEeM. Lither an imprimitive linear homogeneous group G@ can be 
written in monomial form, § or the n variables of the group can be so selected 
that they fall into k sets of 
muted according to a permutation-group K in k letters, which group is transi- 


imprimitivity of m variables each (n = km), per- 


tive (in the sense of transitivity of permutation-groups). The subgroup (G’) 
of G, corresponding to the subgroup (K') of HK which leaves one letter un- 
changed, is primitive (in the sense used in linear homogeneous groups) in the 
m variables of the set corresponding to the letter that K’ leaves unchanged. 
In order that G may be transitive (as a linear homogeneous group, i. e., “ ir- 
reducible ’’), it is plainly necessary that its sets of imprimitivity contain the 
same number of variables, and that the permutation-group A, permuting these 
sets, is transitive (as a permutation-group). We shall prove that, if the 


* Presented to the Society (San Francisco) February 25,1905. Received for publication 
January 25, 1905. 

tSee articles, cited below as Linear groups I and II, by the author in these Transactions, 
vol. 4 (1903), p. 387, and vol. 5 (1904), p. 310, for definitions of terms and phrases used and for 
theorems employed. 

{Journal fiir Mathematik, vol. 84 (1878), p. 89. JoRDAN does not find a superior 
limit to?. Such a limit is given for primitive groups by the author in Linear groups II. Dr. J. 
ScHUR has given a limit for 7/ for such groups in » variables, the sum of the multipliers of the 
substitutions of which belong to a given algebraical field (Berliner Sitzungsberichte, 
January, 1905). 

§ This term is used by MASCHKE in American Journal of Mathematics, vol. 17 
(1895), p. 168. The author used the word ‘‘semi-canonical”’ in Linear groups II, p. 313. 
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subgroup G’ of G, corresponding to the subgroup A’ of A’ leaving one letter 
fixed, is not primitive in the variables of the set corresponding to the letter that 
KX’ leaves fixed, then will G be imprimitive in a greater number of sets than k. 

Let the sets of G be 2,,, 3 and 
let the corresponding letters of A’ be denoted by y,, y,,---, y,. Let A, be 
the subgroup of A’, leaving y;, fixed, and let G, be the corresponding sub- 
group of G. The group A’, being transitive, must contain a substitution 
changing y, into y,, one (A}) changing 


, into y,, ete. The group G 


is plainly generated by G, and 4 — 1 substitutions (4,, A,, --- ) found among 
those of G corresponding to A}, A), ---, respectively. The group obtained 


by erasing in G, all the variables except ---, will be denoted by 
It may readily be seen that, no matter how the group .Y, be written, the 
variables #,,, 2,3, --+-, &) may be so selected that the substi- 


tutions A,, A,, ---, have the forms 


a op’ 
A,: = 5 9 & =z 7 


= avy Lind ete.: 
Let P’ be any substitution of A’, and P any substitution of G taken from 
those corresponding to P’. If P’ replaces y; by y,, the variables x,,, ---, x,, 
are transformed by P in the following manner : 


J 
mm m 


Now, if the group -X, is not primitive, the variables «,,, 7,,, ---, #,,, may be 
supposed to have been selected so that they fall into /,> 1 sets a,,,---, %,: 
+++, all the variables of each set being by -Y, transformed into 
linear functions of the variables of the same set, or all into the variables of 
another set. Then, by building the substitution A, ?A>',* belonging to G: 


= 2 Pin Mine 


Vim = 2 F Pim ® 


etc.; etc., 


* For A, we may take the identical substitution of G. 


| 
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and bearing in mind the assumption made with regard to X,, we see that the 
km variables of G fall into kk’ > k sets 


Vigs ***s Vigs 


which are mutually permuted by P. The variables of G are therefore broken 
up into a greater number of sets of imprimitivity than &. Starting with these 
kk sets and proceeding as above, we conclude that we must arrive ultimately at 
a selection of imprimitive sets for which the groups .X, are primitive or reduce 
to groups in one variable each, in which case G@ is written in monomial form. 


The theorem stated above is therefore proved. 
It may be remarked that the writer’s theorem 9, in Linear groups II, p. 313, 
follows immediately after it has been proved that any group, whose order is the 


power of a prime, is not primitive. 


2. We shall now prove JoRDAN’s theorem for imprimitive groups. Let us 
consider such a group G of order g in n = im variables, the group Y, being 
primitive in the variables %,,,5 1f m > k. By $12 of Linear groups 
II, the order of such a group Xx, in m variables is of the form A, 7,, where f. is 
the order of a self-conjugate subgroup of .Y, composed of similarity substitutions, 
and where X, is a factor of a certain number that can always be calculated when 
m is given. Let us call this number ¢(m ). 

The subgroup /7 of G corresponding to the identical substitution of A’ has 

grou} 
for order A, an integral multiple of g/k!. This group has a subgroup F’ com- 
posed of substitutions which are similarity-substitutions for each of the groups 
AX, X,, +++, X, and whose order is an integral multiple of 2 /{ @(m) }* 


an integral multiple of 


g 
ki 
The group F’ of order 7 is abelian, and is evidently invariant within G, and 


the order of the latter is of the form Af, where A is a factor of k!{ }(m) }". 


3. We now pass on to the construction of the principal imprimitive collinea- 
tion-groups in four variables. According to the theorem stated above, unless 
such a group can be written in monomial form, it must possess two sets of 
imprimitivity, say (w, y) and(z,«). Only the latter class of groups shall be 
considered here. 

Let G@ be such a group. It is generated by an intransitive group G’ : 


(i=1,2,°--,k), 

j 

A, 0 

x) 
0 
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where X, and YX, are primitive groups in the variables (x, y) and (2, wv) re- 
spectively, and a substitution # of the form 

R: we saztbu, yseztdu, sartby, dy. 


Exhibiting 2 in the form 


we find that 2G’ R-' takes the form 
aa 0 ) 


RG'R-: ( 
0 QX,Q7 


1t follows that .Y, and .X, (as collineation-groups in two variables) are trans- 
formable one into the other by the matrices P and Q. Also, if A, and A, are 
corresponding substitutions of .Y, and -X, respectively, so are PA,P-' and 
QA,Q-'. Moreover, we may replace 2 by the substitution 


A, 0 0 AP 0 P 
) r= ( )=( | ). 
0 A, AQ 0 Q 0 


Thus, if P is a matrix belonging to .Y,, we may assume that the matrix of P’ 
oo 1? 


is of the form 


Bearing these things in mind, we can construct the required groups without any 
theoretical difficulties, though the process will involve some labor, especially in 
reducing the different types obtained to certain standard forms. 

We begin by determining all the groups G’ possible. The groups -X, (or -Y, ) 
are the well known tetrahedral, octahedral, and icosahedral groups, and are given 
in WesEr’s Algebra, I, 2d edition, pp. 272-287. 

The types sought are generated by the following substitutions (p being a 


factor of proportionality) : 


(0 0 a, 3) 
0 0 d, | 
( 

Q 0 la, b, 0 0| 


234 H. F. BLICHFELDT: 


ON IMPRIMITIVE [April 
px py’ pz 
S, y u 
e+y k(z+u) th(—z4+u) =1. 
y a a primitive root of 
a" =1. 
S. ia —iy 
S, y 2 u 
S, i y iz — iu 
S, a 7] u —2 
ety (1+i)ke (1+i)hu =1. 
(1+ (1+ i)ly 2+ i(—2z+4u) —1. 
S x iy Bz B" =], 
Sie ad iy yu y"=(-1)". 
ex €2 € a primitive root of 
e=1. 
S, €(@~+y) €(@z + u) wu o=e-+ 
S,, ex eu 
S, €(@e+y) w-—oy 
S,. ey u 
and are as follows: 
Group. Order. Generating Substitutions. 
a 12n B,, BY, 
b 4.12.2n Sy, SI”, Ss, S,, 
12.12.22 BS &, BY, BO. 
4,24.2n S”, S™, &, &, 
60n 
j 60.60.2n Bae Bigs 


4. In all of these cases, the groups .Y, and _X, (considered as collineation- 


groups in 2 variables) are identical. 


Noting what was stated at the beginning 


of $3 concerning the substitution 22, we see then that the matrices P and 
e 


@ must in the eases a, b,c leave invariant a given tetrahedral group, and 
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must therefore belong to the octahedral group containing this group self-con- 
jugately. Then, by replacing 2 by 2’ = A- 2, where A is some one of the 
substitutions of G’, we find readily that P may be assumed to be of the form 
(} ?) or of the form (/ $). Under these assumptions, there will be no trouble 
in determining (. In all the remaining cases we may take P in the form (} °). 
After the resulting groups have been reduced to certain standard types, the 
different substitutions 72 will be as follows: 


pw py =U, =a, pu =y: 
R,: pe py =u, pz pu’ =iy; 
px =2, py’ =in, pz =x, pu’ =iy; 
Ry: pe py =u, pv =y, pu 


We obtain the following types of imprimitive collineation-groups in 4 vari- 
ables that cannot be written in monomial form : 


Group. Order. ; Generators. 

2.120 f, and a 
2° 2.12n R,anda (k=1) 
3° 2.4.12.2n R,andb (k=1) 
4° 2.4.12.2n ?, and b 
5° 2.12.12.2n R,ande (k=/=1) 
6° 2.12.12.2n R, and 
2.24.0 and d 
8° 2.4.24.2n Ff, and e 
9° 2.12.24.2n R, and f 

10° 2.12.24.2n RR, and f 

11° 2.24.24.2n and g 

2.60n and h’ 

13° 2.60n R, and h’ 

14° 2.60.60.2n R, and j 


The groups 1° and 12° are intransitive ifm = 1. The groups 2° and 7° are 
intransitive if n=1, /=1 and 8=1, and 2° is of type 7° if n=2 and 
k=1. This is readily seen if new variables x, = # + z, Y,=Y¥tu,%4,=c¢7—-2, 


,» 7°, 12° have the invariant 


u,=y—vwu be chosen. The four groups 1°, 2° 


— yz = 9 and occur therefore among those determined by GoursaT in 
Annales scientifiques de ’Ecole Normale supérieure, ser. 3, vol. 
6 (1889), pp. 9-102. The corresponding types are there numbered XIV, XVI, 
XVIII, XV, XIX. 
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A classification of the imprimitive (‘ decomposable”) groups which are “ reg- 
ular,” i. e., possess the bilinear invariant x,y, — x,y, 
given by AUTONNE in Journal de Mathématiques, ser. 5, vol. 7 (1901), 
p- 351-394, where he gives also an extensive discussion of some of their geo- 


—2,U,+2,u,, has been 


metrical properties. 


